Vol-4 Issue-6 2018 IJARIIE-ISSN(O)-2395-4396

ANALYTICAL RESOLUTION OF THE
CAUCHY PROBLEM OF A DIFFUSION
EQUATION WITH A FRACTIONAL
TIME DERIVATIVE

Rasolomampiandry G.' — Ravaliminoarimalalason T.B.? —RasoanoavyF® -RandimbindrainibeF *

Laboratoire de recherche Sciences Cognitives et Applications (LR - SCA)
Ecole Doctorale en Sciences et Techniques de I’Ingénierie et de I’Innovation (ED - STII)
Ecole Supérieure Polytechnique Antananarivo (ESPA) - Université d’Antananarivo
BP 1500, Ankatso — Antananarivo 101 - Madagascar

Abstract.
In this paper, we will present a method of analytical resolution of a fractional time derivative diffusion
equation with an initial condition. Spectral theory of the operators, Hilbert space, some properties of
Mittag-Leffler function, Fourier transformation of the generalized functions are main tools for this
resolution.
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1 INTRODUCTION

The concept of the fractional derivative is a subject almost old than classical calculation that we know
today. However this theory can be considered as new subject too, since a little more than thirty years.
Recently, there has been considerable development in the resolution of fractional differential equations
(see examples in [1], [2], [3])

The equation to solve is :

r Dge (u(t,x)—u(0,x))—A,(t,x) = f(t,x)

Where :
e O=xa<l

N
e uis the unknown, (t,X)e[O,T[XQ : Q:H[O, LP]C IR"

p=1
e u(0x)= UO(X) for any x element of Q
e u(t,x)=0in]0,T[ XaQ
e fisagiven function

1 d ] o
. D% (u(t,x)—u(0,x)) =———— | (t—7) " u(t,x)—u(x,0)dz (Riemann-Liouville
« D, (U(t, )~ (0, X)) F(l—a)dté[( ) “ut, ) -u(x,0dr

derivative of u(t,x)—u(0,x) si 0<a<1)
e For te[O,T] ,u(t,x) e L? (Q) and f(t, x)

Its resolution requires a spectral decomposition of the Laplacian operator (-A,) where

N
Q= H[O, Lp:| — IR™, eigenvalues are given in their explicit forms.
p=1
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The eigenvectors obtained from this decomposition form a Hilbert base of L (Q) .

Relationships between the coordinates of u and f in this base form linear fractional differential equations
including Fourier transform, fractional derivation of a distribution, some properties of products of
convolutions of generalized functions are main means to find the solution and the function of Mittag-
Leffler simplifies the presentation of the solution of this differential equation.

This paper will be presented as follows:

Part will be devoted to reminders about the different tools needed for the resolution

Another part for the spectral decomposition of the Laplacian operator (-A,) where
N

Q= H[O, Lp] < IR" with Dirichlet conditions.
p=1

A last part, before the conclusion, is the resolution of the equation.

2 PRELIMINARY KWNOLEDGE

In this part, we will introduce definitions, properties and notations necessary for this note

e  The fractional differential operator of Riemann-Liouville:

t
r Dy @ g Dru(t) = (- )gtj(t—r)_au(r)dr si 0<a <1 See[1],[2],[3].[4]

u is a continuous and differentiable numeric function in]O,T[
e The differential operator of Caputo 3

Dy as D =r(1 j (t—7)° “—u(r)dr— Dy (U(t) ~u(0"))
o [Ifuiscausalthen o DS = Dg = D= D" voir [1], [2] (1)

e Fourier transformation of DU is §[D“U](w) = (iw)* § [u] See [1], [2] )

e Inthe sense of temperate distributions, we define § [D“U] = (iw)“ § [U] See [2]

')
I'(a)

e Foracausal function u, D*U(t) =0 if, and only if, u(t) = ——=ct*™* 3)

O<a<landt>20, celR See[2]

A-1
. Y ()=2 Y04 RAO1L2 1Y, =YY, =,
e If 0<a<1and T acompact support distribution, then D“T = DY, *T [2] 4)

e Fora,f>0 Mittag-Leferr function is defined as
Z zeC ®)
pary F(ka +B)
e Let H be a separable Hilbert space and (en) a countable family orthonormed of H . The following

assertions are equivalent :
- (en) is a a Hilbertian base

- ForanyXeH,X:Z<X,en>en (6)

nelN
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- ForanyXeH, ||X||2 = ZKX e (M
nelN
- {e,IneIN} ={0} ®)
e Let Q be an open bounded class C' of IR" . Then there exists an increasing sequence (ﬂk )kzl of

real positives that goes to infinity and a Hilbertian base (uk )m of L? (Q) such u, € Hé (Q)
and —Au, = AU, [18] [19]

3 - SPECTRAL DECOMPOSITION OF THE LAPLACIAN OPERATOR —A, OF INITIAL
PROBLEM

e  Consider the case of —A, forQQ= ]0,1[ and with Dirichlet conditions

u, (x)=+/2sin(kzx) ke IN the eigenfunctions of —A, and 4 = k7 the eigenvalues
corresponding to U, See [12],[18]

N
e For Q :H]O, Lp[c IRM . Let introduce U, function in [0, Lp] with values in IR, defined
=1
X, N
by up'k(xp)=uk L_ and for any kz(kl,kz,...,kN)e IN and for any
X = (Xye Xy ) € IRY , we set v, (X) 1_[upk (x,) @

(x)
8098, T, ()=~ S o, (4

p=1

i {kl_p_”fﬁup,kp(xgp 3 o

p=1 p

2
p7z. - . -
Thus 4, = Z L_ k = (K, Ky, ...k ) is the eigenvalue corresponding to v, (10)
e Show that (vk)deN is a Hilbertian base of L* (Q)

Just show that :
If <Vk,W> =0 forany k e IN" then W=0 and we can conclude that(V, ) is a Hilbertian base

becasuse L2 (Q) is a separable Hilbertian base according to (8)

Let's proceed by recurrence on the dimension N
This result is true for N=1 See [12],[13]

Suppose the result is established for €2 of dimension N-1 and we introduce the function

0 0 N-1 0

2 .
we?]0,L[ defined by (X, )= .[(W(x))l_[upykp (xp)d X
5 p-L
0 N-1 0
where Q= }0, Lp[ and X = (X, Xy 4)
p=1

Ly
By hypothesis (V, ,W) =0 forany k e IN" so J.E)(XN)UN’k(XN)dXN =0,k eIN”
0
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As (u )k ,, 15 baseof L2 ([0 L ]) we conclude that cDo( v )=0ae.

g N-1

Thus W, (x) W(xx )eLZ(Q) such as jw (x)Hu (x p)o|>D<=o

By recurrence hypothesis W, = 0 (whatto show)

Then L*(Q)= @ E, , E, isthe generated space (V)

E, vector spare generated by (
keINM

kelNN "’
V) See[13]

4- RESOLUTION OF THE INITIAL EQUATION

a Do [ut, ) —u(0,x]-A, (t,x) = f(t,x) (t,x)€]0,T[ XQ (11)

Forone te [0, T[ , u(t,x)= > (u(t,x),v ())v, (X)= D ¢ (t)v, (t) according to (6)

keINN keINN

u@x) =u, = >, ¢ (0¥ f(xt)= 2 AV (x)

keINN keINN

et —A,u(t,x) = Z c (DAY, (X) then

keINN

RL 0 oL z —¢, (O)v, ()] + Z /1ka Z :Bk

keIN™ keINN keIN™
Thus o DS [c, (1) —¢, (0)]+ 4, () =B () 0<t<T
a- Resolution of r Dg- (€(t) —¢(0)) + A.c(t) = B(t) t€]0, T[ or
r. Dy (€(1) + A.c(t) = A(t) + D“c(0) (12)
Step 1:
Transformation of the equation in the sense of generalized functions

Let U be a generalized function such as U(t)= c(t) if t€]O,T[ , U=0if t<0and t>T

We can write U(t)= c()[Y(1)- Y(t-T)]. Wenote Y; (t)=Y (t—T)

DU + AU == (%, *U)+ AU =Y, , * Fe@ O =Y O]+ AW O -, ©)
(13)

=Y, * %[Y () =Yz O+ Y., *C()(J, = 67) + A OV (t) =Y (1)

F(l_ | it —5)“d°(5)«v Y YENAELY,, (08,0 Y, *c(T)S 1)+ A () -Y, (1)
If O<t<T
DU AU = )j( g)adc(?dgmkc(t) (14)

= . Diu(t)+ ,Dfc, (t) + ()
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_RL Dgi [Ck (t) —C (0+ )] + ﬂkck (t) TR Dgi [Ck (t) —C (O)] TR Dgi [Ck (0) —C (OJr)] + ﬂ'kck (t)
=B+ g Dgi [c.(0)—c, (09)]

Then DU +A4U = B, (t)+ o Dy [c, (0)— ¢, (07)] (15)
Step 2
Resolution of DV + 4V =6 (16)
For any temperate distribution (Compact support generalized functions are temperates), we
have :
§(DV+AV)=(0)* 3V)+ 4 T (V)
1
h =
s V)= iy e a
Search of the inverse by the Fourier transform of =
(iw)” + 4,
11 1 1 1 1 A(iw)” (e "
(i) + 24 Al (i0)” | A 1 1 Ala(ie)” 144 (i0)”
R A (iw)
(10) " (0] 3 (4) [(0) T . [hor
=(iw) “ —— =(io) “ > (-4 ) [(i0) 1, [Lo|<1
1-(-4 ) (iw) ) p=0
0 e 0 . F((Zp-f—(l) o (_ﬂ'k) OOuo:eroz—le—u
= 2 (i)™ = ( /Ik) = du
;( /’i"k) ( ) %(ia))ap+a F(ap+a) ;F(ap+a)'[° (ia))ap+a

lo

=i (-4)" Iow(-i)ama_le_uq_uzi (—4)° [} et gy (tz.iJ

t“PJe "dt

ot—3
—
[

—~~

A

~

°
—
|
o

T

N

iR

[a—
('D‘

g
o
—

I
ot—3
—
—+
N
iR
[

—~~

A

~—~

°

=§[t*"E, , (-At")Y (O](w)
Then V (t) =t“'E, (A t%)Y (t) 17)
Hence the basic solution of

DU +U =[B(t) +Y,, *#€(07)8, (1) — o D5:c(0") + & Dy c(OI(Y (1) - Yz (V)]
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s Uy (@) =t"E, , (ALY O -Y; ()] (18)
Uniqueness of the basic solution:
Suppose there is a solution U, , then W =U, —U, satisfies the equation D*W + AW =0 thus &
F(ID'W +AW) =[(io)” + 4] FW) =0 so [(Hw)* + A ][(l0)* + 4] F W) =0
or [0 +A7] & (W)=0
A, >0 theng (W) =0 thus W=0

Step 3 : Solution of the equation

a. The solution of the generalized function equation is

de(t
U =U, #[Y,., * S (O -, 01+, 000~ )+ 4SO (-, )]
U =U,*[B(t) - . Dsc (07) + ¢ D ic (0 )] when 0<t<T

Ths ¢ (1) =t"E, , (-Ata) *[B, (1) — o D56, (07) + ¢ D;ic (0)] (19)

c (1) =t"E, . (~Ata) * [ Dj ¢, (0) - o Dyc, (07)]+ f (t=&)"E, (A X=&) ) B (&)ds
0<t<T

b. Solution of the initial equation

The solution of the equation is U(t,X)= > (u(t,x),v (X))V, (X)= D ¢ (t)v, (t) where
keINN keINN

0<t<T,

So just replace C, (t) with its expression.

5 CONCLUSION

In this paper, a method for solving a fractional differential equation from generalized functions has been
provided. We have obtained a solution that reveals some characteristic points, but our obstacle is the
fractional derivation requires that the generalized function must be compact support because of the
convolution products.
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