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ABSTRACT In this paper we discussed about on the dynamics of a
higher order rational difference equations. The global stability of the positive solutions and the

periodic character of the difference equation
X:vz+1 = an + an—t +TX?2—! +

With positive parameter and non-negative initial conditions.
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1L.INTRODUCTION:

Difference equations, although their forms look very simple, it is extremely difficult to understand
thoroughly the periodic character, the boundedness character and the global behaviors of their solutions.
The study of non-linear rational difference equations of higher order is of paramount importance, since we
still know so little about such equations.

In recent years non-linear difference equations have attracted the interest of many researchers, for
example:

Kalabusic et al. investigated the periodic nature, boundedness character, and the global
asymptotic stability of solutions of the difference
It ,n=0,1,....

Vogg =an + ¥

Where the sequence &, is periodic with period k; = {2,3} with positive terms and the initial conditions are
positive.
Raafat studied the global attractivity, periodic nature, oscillation and the boundedness of all

admissible solutions of the difference equations
A-E¥p—1

Y. =
LT teenyn-y
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where A,B are non-negative real numbers, C,D are positive real numbers +C + Dy, _; =0 and for all n
=0

Alaa investigated the global stability, the permanence , and the oscillation character of the
recursive sequence
Fn—1

VYnsr =& ¥ 9n20919'”

where & is a negative number and the initial conditions ¥_; and ¥ are negative numbers.

Obaid et al. investigated the global stability character, boundedness and the periodicity
of solutions of the recursive sequence
s m 4 DR +T¥nog+SVn s
Yt TPV T B n—1+BVn-2+¥¥n-z
where the parameters a,b ¢,d a. f. and ¥ are positive real numbers and the initial conditions

V_z.¥_z.¥_; and v, are positive real numbers.

2.PRILIMINARIES
DEFINITION 2.1
A point ¥ £ is called an equilibrium point of the difference equation

Xr! +1 = F{Xﬂ_xﬂ—v "'Xr! —6), Il:(),l,....
if ¥ =F(LEX..0.

That is, X, = X forn = 0, is a solution of the difference equation (1), or equivalently, ¥ is a fixed point of
F.

DEFINITION 2.2
Let ¥ (0, c2) be an equilibrium point of the difference equation (1).We have
(i) The equilibrium point ¥ of the difference equation(l) is stable if for every & = 0, there
exists & = 0 such that forall X_z ........ X_, & | with
X s —Xl+... X, - X+ 1% -% <,
we have
Xk, —Xl=e forallnz —4.
(ii) The equilibrium point £ of the difference equation (1) is called locally asymptotically stable
if I is called locally stable solution of equation (1) and there exists ¥ = 0,
such that for all Xz e Lwith
X s —Xl+. .. X, - Xl + 1%, - X < &,
we have i
im&, =X,

flos e
(iii) The equilibrium point X of the difference equation (1) is called global attractor if for all
X g X_ye |, we have
lim,_._ X, =%.

(iv)The equilibrium point ¥ of the difference equation (1) is called globally asymptotically
stable if & is locally stable , and ¥ is also a global attractor of the difference equation (1).

(v) The equilibrium point X of the difference equation (1) is called unstable if ¥ is not locally
stable .

DEFINITION 2.3
A sequence {X, } - is said to be periodic with period p if ¥;,,, = ¥, for all n = —&.A sequence {X,}7_;
is said to be periodic with prime period p if p is the smallest positive integer having this property,
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DEFINITION 2.4

Equation (1) is called permanent and bounded if there exists numbers m and M with O<m<M<zz such that
for any initial conditions X_z ........ X_; & (0, ©2) there exist a positive integer N which depends on these
initial conditions such that m= X, =M foralln>N.

DEFINITION 2.5
The linearized equation of the difference equation (1) about the equilibrium ¥ is the linear difference
equation.
= AFER.E)
Frir = 4o é-‘-’:—i Yoor 2)

Now, assume that the characteristic equation associated with is
p(A) = pod® + p A5 4 e psi A+ pp = 0
where
_ AFEE.E)
- d¥n—i
DEFINITION 2.6
Differential equation is a type of equation which contains derivatives of an unknown function. A higher
order differential equation is an equation containing dependent and independent variables and two or more
derivatives of the dependent variable with respect to one or more independent variable.

3.LOCAL STABILITY
THEOREM 3.1
Assume thatdf = e, 1>a+b+cand 2l{df — ae)l < (z + B)(d+e)  ......... 3)

then the equilibrium point ¥ of equation
SEp—ptlin g

Kpgr =pXy +qX,_ + 0 + Kt s n=0,1,2,.. ....(A)
is locally asymptotically stable.
PROOF:
lee—df) (1—a—-b-c)
Let T leemiiim | TP e (4) and 2l(df — ae)| < (a + B)(d+e)

we deduce that
lpg |+l |+ gl + gl + sl = 2

|ldf—meli-a-b-0| |lee—df1-o-b-c)
lal + 15l + el + | le+@lrd +5) | | e+ [d+g]
Ifl—a—-b-c)

(a+f) d+sy |{d3 N Ete?:]l <l-a-b-c
If 1-a—b-c,then

2l(df — ae)l < (e + F)(d+e).

|<1

4.GLOBAL STABILITY:

THEOREM 4.1

The equilibrium point ¥ is a global attractor of equation (A) if one of the following conditions holds:
(df —me>0,a+b+c<1
(i) e — df >0,a+b+c<l

PROOF:
Let rand s be non-negative real numbers and assume that g : [r, s]1* — [r. 5] be a function defined by g(
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drg +817
Vp ¥y ¥y Vi V) = avg + by, +ov,
! T = oz + g
Then
dgivp vy Pz vz Pq) dgivp vy Pz vz Pq) b dgirg vy Pz ¥z Pg)
Fababalel _ a2 bz el FabaPa el _
drg ! dry ! vy !
gl Py vavrave) _ (df-gejvy  8g(Yary Pz P3vls)
vy T rava+frg? vy
_ [me—dfivs
T [avg+frg?

we consider two cases:

Case 1:

Letdf—ae >0,a+b+c<land e-d= 0istrue, then we can easily see that the function g(

Vg, ¥y ¥ ¥z ¥4} is increasing in ¥p, ¥, ¥z ¥z and decreasing in v, .suppose that (m , M) is a solution of the
system M=h(M, M, M, m) and m=h(m, m,m, M).

Then from equation , we see that

dM+em dim+eM
M = aM+bM+cM+ and m=am+bm+Cm+——_
then

oM+ fm oI + 5
all —a—b—cIM?* + 1l —a — b — clmM = dM+em,
all —a—b—clm® + 1l —a — b — c)Mm = dm+eM,
Subtracting this two equations , we obtain
M-m)[all —a —b— )M +m) +(e—d)] =0,
under the condition a+ b+ c = 1 ande = d we see that M = m. It follows from the Theorem “Letg: [
7. £ ] is an interval of real numbers. Consider the difference equation X,.; = g{¥, . Xo_s. .. Xy ), n
=0,1,...7 that .¥ is a global
attractor of equation (A). Case 2
Let e —df>0,a+b+c<land {(x—F)>0,a+b+c<1#d-eistrue, then we can say easily see
that the function g(vg, ¥: ¥z ¥z 1% is increasing in g, ", ¥z, %% and decreasing in v;. Suppose that (m, M)
is a solution of the system

dm+eM dM+am
M = aM+bM+cM+ and m =am+bm+Cm+
then

all —a—b —c)Mm +a(l —a — b — c) M= dm +eM,

all —a—b—c)mM+ all —a— b — clm® =dM+em,

Subtracting this two equations, we obtain

(M—m)[f(1—a—b=c)(M+m)+{d - e)] =0.

under the conditions a+b+c# lande #d we see that M = m. It follows from the Theorem “Letg: [ £
] is an interval of real numbers. Consider the difference equation

o1 =90 Xy X g), n=0,1,....7

that ¥ is a global attractor of equation (A).

o+ fM oM +fm

THEOREM 4.2

Every solution of equation (A) is bounded if a+b +c < 1.

PROOF:

Let {X,}7__; beasolution of equation (A).It follows from equation (A) that

Xt TEy —
¥ =¥ ¥ ¥ g 2Emoktlinos
net = Pilp T Qdn_¢ T F!—L+I:.xﬂ_i:+|5\xn_:|
SXp—k [ s

EXE_;:+SX,-_._: I:-';‘f'l':—i:""ﬁl}-l'-v:—:

=pky tgly i+

Xr!+1 :pxr! + qxn—r +Txr!—E +

SX-E -l rxr: =

+
GEp_p  BEgog

d =
= pXy + 95, +TXH—E+E+E-
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d g . .
wehave X, = Z,.. where Z,,,= P&y + g, +ri,_ + Z + ] linear non-homogeneous equation. It

is easy to see that the solution of this equation is locally asymptotically stable and converges to the
- . = df +oe . . . .
equilibrium point & = Al lasbo)] if a+b+ c<1.By using the inequality theorem we have that the

solution of (A) is bounded.

THEOREM 4.3
Every solution of equation (A) is unbounded if a>1 or b>1o0r ¢ > 1.

PROOF:

Let {X,}7__; beasolution of equation (A). Then from equation (A) we see that
L T ]

Hpr =pXy gy o+ 78, + ﬁ'-“-'r—i::ﬂ" <

We see that the right hand side can be written as follows

>pX, forall n=1.

Xnsr =pXy.
Then
In=p"Zp

and this equation is unstable because a > 1, and lim,,_... £, = @.Then by ratio test ¥, > _. is
bounded from above. Using the same technique, we can prove the other cases.

5. PERIODIC SOLUTIONS:

THEOREM 5.1

If t,I,k,areanevenandsisan odd then equation (A) has a prime period two solutions if and only if
(e—d) (@ — B)(a+b+c+l)—4{exla + b +cl + dB)>0.....(4)

PROOF:
First suppose that there exists a prime period two solution ....p ,q.p, q,..., of equation (A).If t.land k

are even and s is an odd then X, _ X, . = X, ; =X, ., and X, ., = X, _.. It follows from equation (A) that
dyg +&8p

p=ag+bg+cq+

oo+ Ay

Therefore,

Gp*+apg =ala+b+clg® +fla +b+clpg +dg + ep,...(5) and
Ba* +apg =ala+b+clp®* + fla +b + clpg + dp + eg,...(6)

By subtractjng (6) from (5),we deduce

p+q= Fearasbegy e @)
Again, adding (5) and (6), we have
_ ':e—df'[em:c+b+rj+d.5‘]( 1 )
pg= |:|9+Q-|jc+a+;‘_'|::: la—fila+bre+2dd oomeeese (®)

Where e = d and & = §.
Let pand q are the two positive distinct real roots of the quadratic equation
t*— (p+a)t+pq =0, o

1 ( g—d ) { le—dlfeala+b+cl+df )

t° — - - 2 .
S+a(a+b+c) (B+a(a+b+e)) (- fla+b+c+1)

=0 .. )

Thus we deduce

[g—d) z le—dlisxla+b+c)+dE 1
(.:?+r:|:r.'+b+rj) - 4'( (B +ofa+b+cn? )X {':n‘—.?'.'l[c+i:l+r+lj) =0, or
(e—d)a—B)Ya+b+c+1)—4leala+b+c+1)+df) =0
Therefore Inequality (4) holds.
Second suppose that inequality (4) is true.
We will show that equation (A) has a prime period two solution.
Suppose that
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_ le-dl+f nd q= (g—d)+{
T 2if+mA) and q = 2(F +zd)
where
[ . ale—dllexd+df)
= | — : —
E—ﬂ(-? d) mmasn  and A=a+b+c.

Therefore p and q are distinct real numbers.

Set V=gV =qV =gy .=p ..V =pV_ ,=q¥_;=pF, wewould like to show that
¥V,=¥_,=p and ¥; =¥, = qg.It follows from equatlon (A) that

g2 e-di=fy . (L e—dj+Ey

V,=aq + bq +cq + Sk = Aq + b=y
soep (agean) 'S'rxs a1y
Dividing the denominator and numerator by 2(8 + aA} we get, ¥V, = Ag+

dile-d)-Oy+eile-dd+Dy
eile—d) -+ Brle—dd+0y
le+dle—dy+eile—dl+Dy
e+ le—dle(f—o)d
Multiplying the denominator and numerator of the right side by
(a+B)e —d) — (B —a)l v, = Aq+
dile-d) -y +efle—dd+0y
eile—d) -+ Brle—dd+0y
, (e+d)le—@+le—dIE
qT':c+.5‘:":E—d3+|j.5‘—|:'j{ '
Multiplying the denominator and numerator of the right side by (& + glle — d} + (8 — &)
-4 |n_d”‘|[|o+d"|+('[||:-+|9"||o_d"|+||9 g‘l{
=Agq+ fla+f le— )+ (A—e 01 la+f e+ —m) ]
(e—d1[le +d) lx+ Fle—d) + 2 lme— RI7 - [F-a)72]
[+ @ 2e—d)2 B2 '
le— )| (o ) L+ ) e - &) + e = FllZ — 18- e—dy = i“ﬁi:ﬂl&fj

. TEEAeE
(o + 512 -3~ (F—a? e—dy?-= !c-a,: = |
ks

= Ag +

= Ag+

= Ag+

(e—)[2 (= &llne-Fal + 2lne—Fd17 - f‘—&i—%ﬁj

_.-flﬂ? + 4|:'|5"=* N I-‘-an dhzic:'n I:TE;
-4 2le—d) [lme- Bd) (A+ 10— 2lenA—df ]+ 20A+ 1) loe— 3600
a4 308 le—d) A+ L+ 4 la— ) (ecA—dg)
-4 (':e—dfl—(_") le—d)ge— 81— A0+ (A+ 10 12— d T
T (8+aA) oA +F fee -4
_ le—d)a-al+le—dI(1-AV+ (A+13]
- 2leA+ 5]

_ le—dd+{
T oalea+®

Similarly as before , it is easy to show that X; = g.
Then by induction we get X5, = g and X, ,s = p foralln = =4,

Thus equation (A) has the prime period two solution ...p, q, p, q,... where p and q are the distinct roots of
the quadratic equation (9) and the proof is complete.

THEOREM 5.2

d+g |
Ift, 1 ,k,andsare anevenand a+ b+ c S 1,

Then equation (A) has no prime period two solutions.

PROOF:

Suppose that there exists a prime period two solution ...p ,q ,p ,q ,... of equation (A). we see from equation
(A)whent,l k,andsarean

(1—u—a—c—ﬁ){p—q]—n

6248 www.ijariie.com 1962



Vol-3 Issue-4 2017 IJARIIE-ISSN (0)-2395-4396

d+e _
l—a—b—c—:ﬂ.zl,thenp—q.

This is a contradiction.

6.CONCLUSION:

We have discussed about the on the dynamics of a higher order rational difference equations. The global
stability of the positive solutions and the periodic character of the difference equation

. . . . R o S

Xos1 = PXo + Qg +x¥p g + D20 nml)

With positive parameter and non-negative initial conditions.
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