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Abstract: 

In this paper, we explore the structure and behavior of Pythagorean Neutrosophic Fuzzy Topological 

Spaces (PNFTS), which generalize and fuzzy topologies by incorporating the concepts of indeterminacy and 

hesitation though the Neutrosophic and Pythagorean frameworks.  We introduce and study the concept of b-

boundary within this context and investigate its fundamental properties.  The b-boundary operator plays a critical 

role in describing the topological boundaries of sets in uncertain environments and offers a deeper understanding 

of topological separation in neutrosophic fuzzy space.  We provide a set of examples to illustrate and validate the 

theoretical findings.  Furthermore, we examine several theorems related to the behavior of b-boundaries under 

various set operations.  The results obtained demonstrate that the b-boundary in Pythagorean Neutrosophic Fuzzy 

topological space maintains desirable topological characteristics while offering greater flexibility in dealing with 

imprecise, vague, or inconsistent information.  This work not only extends existing topological concepts to the  

neutrosophic domain but also opens the door to future application in areas where uncertainty and indeterminacy. 

  الملخص:
والتي تعد تعميما لكل من الفضاءات    (، PNFTSفضاءات الطوبولوجية الضبابية النيوتروسوفية )بنية وسلوك ال   الورقة، نستعرض هذه  في  

ثاغوري.  قمنا بتقديم ودراسة  لفيسوفي واوالتردد باستخدام الاطارين النيوترو  عدم التحديد الطوبولوجية التقليدية والضبابية من خلال دمج مفاهيم  
أداة هامة في وصف حدود المجموعات في البيئات    b  -الحدكما قمنا بتحليل خصائصها الاساسية.  يعد عامل    السياق، ضمن هذا      -bمفهوم الحد  

حيث يوفر فهما أعمق لمفهوم الفصل الطوبولوجي في الفضاءات الضبابية النيوتروسوفية.  ولقد أرفقنا مجموعة من الأمثلة التطبيقية    المؤكدة، غير  
أظهرت النتائج أن هذا  وقد  .   -bتناولنا عددا من النظريات المتعلقة بسلوك الحد    ذلك،   علىلتوضيح النتائج النظرية والتحقق من صحتها.  علاوة  

مع تقديم مرونة أكبر عند التعامل مع البيانات غير الدقيقة أو الغامضة أو المتناقضة.  ان هذا العمل لا   مرغوبة، الحد يحتفظ بخصائص طوبولوجية 
توس  فقط علي  تتسم  يقتصر  التي  المجالات  في  للتطبيقات  افاقا جديدة  أيضا  يفتح  بل  النيوتروسوفي,  المجال  الي  التقليدية  الطوبولوجية  المفاهيم  يع 

 بالغموض وعدم اليقين. 
Keyword: Pythagorean Neutrosophic Sets, Pythagorean Neutrosophic Fuzzy Topological Spaces, b-Boundary in 

Pythagorean Neutrosophic Fuzzy topological space. 

1. Introduction: 

The concept of fuzzy set was introduced by Zadeh [13], Since then, the fuzzy set theory has influenced 

almost all branches of mathematics. The idea of fuzzy topological spaces was further introduced and 

developed by Chang [5].  Later, Atanassov [2,3] proposed the notion of intuitionistic fuzzy set. 

The concept of the Neutrosophic set was introduced by Smarandache, while Wang et.al.  studied the 

notion of interval Neutrosophic sets [10].  Furthermore, Salama and Albowi defined the concept of crisp sets 

and extended it to Neutrosophic crisp topological spaces [9].  Building upon these ideas, Yager introduced the 

concept of Pythagorean membership grades [12].  Later, Shena and Nirmala proposed the concept of 

Pythagorean Netrosophic open sets and established some properties on Pythagorean Neutrosophic open set 

[8]. 

Granados introduced the notion of Pythagorean Neutrosophic b-open set and showed some properties on 

Pythagorean Netrosophic b open set [6]. 

In this paper, we used the notion of Pythagorean Neutrosophic Topological Spaces for introducing the 

concept of b-boundary Pythagorean Neutrosophic fuzzy topological Spaces.  Moreover, some of their 

properties are proved. 

Preliminaries: 

In this section, we will review the basic concepts of Pythagorean Neutrosophic sets, and Pythagorean 

Neutrosophic Topological Spaces. 

Definition 2.1: [10] Let 𝑋  be a non-empty set.  Then 𝐴 is said to be a Neutrosophic set  

( NS) of 𝑋 if it is an object having the form 𝐴 = {〈𝑥, 𝜇𝐴, 𝜎𝐴, 𝛾𝐴〉: 𝑥 ∈ 𝑋}. Where the function 𝜇𝐴: 𝑋 → [0,1], 𝜎𝐴 ∶
𝑋 → [0,1], and  𝛾𝐴: 𝑋 → [0,1] denote the degree of membership (namely 𝜇𝐴(𝑥)), degree of indeterminacy 

(namely 𝜎𝐴(𝑥)), and degree of non-membership (namely 𝛾𝐴(𝑥)) of each element 𝑥 ∈ 𝑋  to the set 𝐴, and satisfies 

the condition,  0 ≤ 𝜇𝐴(𝑥) + 𝜎𝐴(𝑥) + 𝛾𝐴(𝑥)) ≤ 3 ∀ 𝑥 ∈ 𝑋. 
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Definition 2.2: [10] Let 𝐴 and 𝐵 be NS of the form 𝐴 = {〈𝑥, 𝜇𝐴(𝑥), 𝜎𝐴(𝑥), 𝛾𝐴(𝑥)〉: 𝑥 ∈ 𝑋} and 𝐵 =
{〈𝑥, 𝜇𝐴(𝑥), 𝜎𝐴(𝑥), 𝛾𝐴(𝑥)〉: 𝑥 ∈ 𝑋}.  Then  

1. 𝐴 ⊆ 𝐵 if and only if 𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥), 𝜎𝐴(𝑥) ≥ 𝜎𝐵(𝑥) and 𝛾𝐴(𝑥) ≥ 𝛾𝐵(𝑥). 
2. 𝐴𝑐 = {〈𝑥, 𝜎𝐴(𝑥), 𝜇𝐴(𝑥), 𝛾𝐴(𝑥)〉: 𝑥 ∈ 𝑋}. 

3. 𝐴 ∪ 𝐵 = {〈𝑥, 𝜇𝐴(𝑥) ∨ 𝜇𝐵(𝑥), 𝜎𝐴(𝑥) ∧ 𝜎𝐵(𝑥), 𝛾𝐴(𝑥) ∧ 𝛾(𝑥)(𝑥)〉: 𝑥 ∈ 𝑋}. 

4. 𝐴 ∩ 𝐵 = {〈𝑥, 𝜇𝐴(𝑥) ∧ 𝜇𝐵(𝑥), 𝜎𝐴(𝑥) ∨ 𝜎𝐵(𝑥), 𝛾𝐴(𝑥) ∨ 𝛾𝐵(𝑥)〉: 𝑥 ∈ 𝑋} 

5. 0 = {〈𝑥, 0,1,1〉: 𝑥 ∈ 𝑋}, and 1 = {〈𝑥, 1,0,0〉: 𝑥 ∈ 𝑋}. 
Definition 2.3: [12] A Pythagorean fuzzy subset 𝐴 of a non-empty set 𝑋  is a pair 

 𝐴 = (𝜇𝐴, 𝜗𝐴) of a membership function 𝜇𝐴: 𝑋 → [0,1] and a non-membership function 𝜗𝐴: 𝑋 → [0,1], 
0 ≤ 𝜇𝐴

2(𝑥) + 𝜗𝐴
2(𝑥) ≤ 1 for each element 𝑥 ∈ 𝑋.  Supposing 

 𝜇𝐴
2(𝑥) + 𝜗𝐴

2 ≤ 1, then there is a degree of indeterminacy of 𝑥 ∈ 𝑋 to 𝐴 defined by 𝜋𝐴(𝑥) =

√1 − [𝜇𝐴
2(𝑥) + 𝜗𝐴

2(𝑥)] and 𝜋𝐴(𝑥) ∈ [0,1].  We denote the set of all Pythagorean fuzzy subsets over 𝑋 by PFS(X). 

Definition 2.4: [8] Let 𝑋 be a non-empty set.  Then 𝐴 is said to be a Pythagorean Neutrosophic Fuzzy set (PNFS) 

of 𝑋 there is a 𝐴 = {〈𝑥, 𝜇𝐴, 𝜎𝐴, 𝛾𝐴〉: 𝑥 ∈ 𝑋} where the function 𝜇𝐴: 𝑋 → [0,1], 𝜎𝐴: 𝑋 → [0,1] and 𝛾𝐴: 𝑋 → [0,1] 
denote the degree of membership (namely 𝜇𝐴(𝑥)), degree of indeterminacy (namely 𝜎𝐴(𝑥)) and degree of non-

membership (namely 𝛾𝐴(𝑥) of each element 𝑥 ∈ 𝑋 to the set 𝐴, and satisfies the condition 

                                 0 ≤ 𝜇𝐴(𝑥)2 + 𝜎𝐴(𝑥)2 + 𝛾𝐴(𝑥)2 ≤ 1. 
Definition 2.5: [8]  A Pythagorean Neutrosophic Fuzzy Topology (PNFT) on a non-empty fixed set  𝑋 is a family 

of 𝜏 of Pythagorean Neutrosophic Fuzzy Sets in 𝑋 satisfying the following conditions: 

i. 0,1 ∈ 𝜏. 
ii. For any 𝐴1,𝐴2 ∈ 𝜏, we have 𝐴1 ∩ 𝐴2𝜖𝜏. 

iii. ∪𝑖𝜖𝐼 𝐴𝑖 ∈ 𝜏 for any arbitrary family {𝐴𝑖; 𝑖 ∈ 𝐼} ⊆ 𝜏. 
  In this case the pair (𝑋, 𝜏) is called a Pythagorean Neutrosophic Fuzzy Topological space (PNFTS) and each 

Pythagorean Neutrosophic Fuzzy subsets in 𝜏 is known as a Pythagorean Neutrosophic Fuzzy open set (PNFOS) 

in 𝑋.  The complement of an open Pythagorean Neutrosophic Fuzzy subsets is called a closed Pythagorean 

Neutrosophic Fuzzy subset (PNFCS). 

Definition 2.6: [8] Let (𝑋, 𝜏) be a PNFTS and 𝐴 be a PNFS over 𝑋   

1) Pythagorean Neutrosophic Fuzzy interior of 𝐴 (PNFint (𝐴)) is the union of all Pythagorean Neutrosophic 

Fuzzy open sets of 𝑋 contained in 𝐴.  That is, 

𝑃𝑁𝐹𝑖𝑛𝑡(𝐴) =∪ {𝐺: 𝐺 𝑖𝑠 𝑎 𝑃𝑁𝐹𝑂 set in 𝑋 and 𝐺 ⊆ 𝐴}. 
2) Pythagorean Neutrosophic closure of 𝐴 (PNFcl(𝐴)) is the intersection of all Pythagorean neutrosophic 

Fuzzy closed sets of 𝑋 containing 𝐴.  That of all Pythagorean neutrosophic Fuzzy closed sets of 𝑋 

containing 𝐴.  That is 

 𝑃𝑁𝐹𝑐𝑙(𝐴) =∩ {𝐻: 𝐻 𝑖𝑠 𝑎 𝑃𝑁𝐹𝐶 𝑠𝑒𝑡 𝑖𝑛 𝑋 𝑎𝑛𝑑 𝐴 ⊆ 𝐻}. 
2.  b Boundary in Pythagorean Neutrosophic Fuzzy:  

Definition 3.1: [6] For a Pythagorean Neutrosophic Fuzzy set 𝐴 in a Pythagorean Neutrosophic Fuzzy Topological 

Space (𝑋, 𝜏) is said to be Pythagorean Neutrosophic Fuzzy b- open set (PNFbOS) if 𝐴 ⊆  𝑃𝑁𝐹𝑖𝑛𝑡((𝑃𝑁𝐹𝑐𝑙(𝐴) ∪
 𝑃𝑁𝐹𝑐𝑙(𝑃𝑁𝐹𝑖𝑛𝑡(𝐴)).  

  The complement of a Pythagorean Neutrosophic Fuzzy b - open set is called Pythagorean Neutrosophic Fuzzy b 

– closed set. 

Definition 3.2:[6] Let (𝑋, 𝜏) be a PNFTS and 𝐴 be a PNFS over 𝑋 

1. Pythagorean Neutorsophic b Interior of 𝐴 (PNFb int(𝐴)) is the union of all Pythagorean Neutrosophic 

Fuzzy b open sets of 𝑋 contained in 𝐴.  That is  

𝑃𝑁𝐹𝑏𝑖𝑛𝑡(𝐴) =∪ {𝐺: 𝐺 𝑖𝑠 𝑎 𝑃𝑁𝐹𝑏𝑂 𝑠𝑒𝑡 𝑖𝑛 𝑋 𝑎𝑛𝑑 𝐺 ⊆ 𝐴}. 
2. Pythagorean Neutrosophic Fuzzy b closure of 𝐴 (PNFb cl(𝐴)) is the intersection of all Pythagorean 

Neutrosophic Fuzzy b closed sets of 𝑋 containing 𝐴.  That is  

𝑃𝑁𝐹𝑏𝑐𝑙(𝐴) =∩ {𝐻: 𝐻 𝑖𝑠 𝑎 𝑃𝑁𝐹𝑏𝐶 set in 𝑋 and 𝐴 ⊆ 𝐻}.  
Theorem 3.5: [6] For a Pythagorean Neutrosophic Fuzzy Topological Space (𝑋, 𝜏) and 

 𝐴, 𝐵 ⊆ 𝑋.  Then following statements hold: 

1) Every Pythagorean Neutrosophic Fuzzy open set is Pythagorean Neutrosophic Fuzzy b – open 

set. 

2) 𝑃𝑁𝐹𝑏 𝑖𝑛𝑡(𝑃𝑁𝐹𝑏 𝑖𝑛𝑡(𝐴)) =  𝑃𝑁𝐹𝑏 𝑖𝑛𝑡(𝐴). 

3) 𝑃𝑁𝐹𝑐𝑙(𝑃𝑁𝐹𝑏 𝑐𝐿(𝐴)) =  𝑃𝑁𝐹𝑏 𝑐𝑙(𝐴). 

4) Let 𝐴, 𝐵 be two Pythagorean Neutrosophic Fuzzy b – open sets, then 𝑃𝑁𝐹𝑏𝑂𝑆(𝐴) ∪
 𝑃𝑁𝐹𝑏𝑂𝑆(𝐵) =  𝑃𝑁𝐹𝑏𝑂𝑆(𝐴 ∪ 𝐵). 
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5) Let 𝐴, 𝐵 be two Pythagorean Neutrosophic Fuzzy b – closed sets, then 𝑃𝑁𝐹𝑏𝐶𝑆(𝐴) ∩
 𝑃𝑁𝑏𝐶𝑆(𝐵) =  𝑃𝑁𝑏𝐶𝑆(𝐴 ∩ 𝐵). 

6) For any two sets 𝐴, 𝐵, 𝑃𝑁𝐹𝑏 𝑖𝑛𝑡(𝐴) ∩  𝑃𝑁𝐹𝑏𝑖𝑛𝑡(𝐵) =  𝑃𝑁𝐹𝑏𝑖𝑛𝑡(𝐴 ∩ 𝐵). 
7) For any two sets 𝐴, 𝐵, 𝑃𝑁𝐹𝑏𝑐𝑙(𝐴) ∪  𝑃𝑁𝐹𝑏𝑐𝑙(𝐵) =  𝑃𝑁𝐹𝑏𝑐𝑙(𝐴 ∪ 𝐵). 
8) If 𝐴 is 𝑃𝑁𝐹𝑏𝑂𝑆 𝑖𝑛 (𝑋, 𝜏), then 𝐴 = 𝑃𝑁𝐹𝑏𝑖𝑛𝑡(𝐴). 
9) If 𝐴 ⊆ 𝐵, 𝑡ℎ𝑒𝑛 𝑃𝑁𝐹𝑏𝑖𝑛𝑡(𝐴) ⊆  𝑃𝑁𝐹𝑏𝑖𝑛𝑡(𝐵). 
10)  For any two sets 𝐴, 𝐵, 𝑃𝑁𝐹𝑏𝑖𝑛𝑡(𝐴) ∪  𝑃𝑁𝐹𝑏𝑖𝑛𝑡(𝐵) ⊆  𝑃𝑁𝐹𝑏𝑖𝑛𝑡(𝐴 ∪ 𝐵). 
11)  If 𝐴 is 𝑃𝑁𝐹𝑏𝐶𝑆(𝑋, 𝜏), 𝑡ℎ𝑒𝑛 𝐴 =  𝑃𝑁𝐹𝑏𝑐𝑙(𝐴). 
12)  If 𝐴 ⊆ 𝐵, 𝑡ℎ𝑒𝑛 𝑃𝑁𝐹𝑏𝑐𝑙(𝐴) ⊆ 𝑃𝑁𝐹𝑏𝑐𝑙(𝐵). 
13)  For any two sets 𝐴, 𝐵, 𝑃𝑁𝐹𝑏𝑐𝑙(𝐴 ∩ 𝐵) ⊆ 𝑃𝑁𝐹𝑏𝑐𝑙(𝐴) ∩ 𝑃𝑁𝐹𝑏𝑐𝑙(𝐵). 

3. Main Results: 

Definition 4.1: Let 𝐴 be PNFS in a PNFTS(𝑋, 𝜏).  Then the Pythagorean Neutrosophic Fuzzy boundary of 𝐴 

is defined as 𝑃𝑁𝐹𝑏𝑑(𝐴) = 𝑐𝑙(𝐴) ∩ 𝑐𝑙(𝐴𝑐).  𝑃𝑁𝐹𝑏𝑑(𝐴) is a Pythagorean Neutrosophic Fuzzy closed set. 

Definition 4.2: Let 𝐴  be PNFS in a PNFT(𝑋, 𝜏).  Then the Pythagorean Neutrosophic Fuzzy b – boundary of 𝐴 

is defined as 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) = 𝑏𝑐𝑙(𝐴) ∩ 𝑏𝑐𝑙(𝐴𝑐).  𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) is a Pythagorean Neutrosophic Fuzzy b – closed 

set. 

Remark 4.3: In classical topology, for any arbitrary set 𝐴 in topological space 𝑋, we have: 𝐴 ∪ 𝑏𝑑(𝐴) = 𝑐𝑙(𝐴). 
However,  for an arbitrary Pythagorean Neutrosophic Fuzzy set 𝐴 in a 𝑃𝑁𝐹𝑆(𝑋, 𝜏),  the equality may not hold. 
𝐴 ∪ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ⊆ 𝑐𝑙(𝐴), 

Example 4.4: Let 𝑋 = {𝑎, 𝑏} , 𝐴 = {𝑥, (𝑎, 0.2,0.4,0.3), (𝑏, 0.3,0.6,0.5)}, and 

 𝐵 = {𝑥, (𝑎, 0.2,0.3,0.2), (𝑏, 0.1,0.6,0.6)}  then the family  𝜏 = {0,1, 𝐴} is PNFT on 𝑋,since 𝑐𝑙(𝐵) = 𝐴 ∪ 𝐵 but 

𝑃𝑁𝑏(𝑏𝑑(𝐵)) = 𝐵 , then we have 𝐵 ∪ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐵)) ≠ 𝐴 ∪ 𝐵. 

Proposition 4.5: Let 𝐴 and 𝐵 be PNFSs in a 𝑃𝑁𝐹𝑇𝑆(𝑋, 𝜏).  Then the following condition hold 

1) 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ⊆ 𝑃𝑁𝐹(𝑏𝑑(𝐴)). 

2) 𝑏𝑐𝑙(𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ⊆ 𝑃𝑁𝐹(𝑏𝑑(𝐴)). 

3) 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) = 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴𝑐)). 

4) If 𝐴 is 𝑃𝑁𝐹𝑏𝐶𝑆, then 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ⊆ 𝐴. 

5) If 𝐴 is 𝑃𝑁𝐹𝑏𝑂𝑆, then 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ⊆ 𝐴𝑐 . 

6) (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴))𝑐 = 𝑏𝑖𝑛𝑡(𝐴) ∪ 𝑏𝑖𝑛𝑡(𝐴𝑐). 
Proof:  

1) Since 𝑏𝑐𝑙(𝐴) ⊆ 𝑐𝑙(𝐴) and 𝑏𝑐𝑙(𝐴𝑐) ⊆ 𝑐𝑙(𝐴𝑐).  Then 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) = 𝑏𝑐𝑙(𝐴) ∩ 𝑏𝑐𝑙(𝐴𝑐) ⊆

𝑐𝑙(𝐴) ∩ 𝑐𝑙(𝐴𝑐) = 𝑃𝑁𝐹(𝑏𝑑(𝐴).  Hence, 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ⊆ 𝑃𝑁𝐹(𝑏𝑑(𝐴)). 

2) 𝑏𝑐𝑙(𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) = 𝑏𝑐𝑙(𝑏𝑐𝑙(𝐴) ∩ 𝑏𝑐𝑙(𝐴)𝑐) ⊆ 𝑏𝑐𝑙(𝑏𝑐𝑙(𝐴)) ∩ 𝑏𝑐𝑙(𝑏𝑐𝑙(𝐴𝑐)) = 𝑏𝑐𝑙(𝐴) ∩

𝑏𝑐𝑙(𝐴𝑐) = 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ⊆ 𝑃𝑁𝐹(𝑏𝑑(𝐴)). 

3) 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) = 𝑏𝑐𝑙(𝐴) ∩ 𝑏𝑐𝑙(𝐴𝑐) = 𝑏𝑐𝑙(𝐴𝑐)𝑐 ∩ 𝑏𝑐𝑙(𝐴𝑐) = 𝑏𝑐𝑙(𝐴𝑐) ∩ 𝑏𝑐𝑙(𝐴𝑐)𝑐 =
𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴𝑐)). 

4) Let 𝐴 be an 𝑃𝑁𝐹𝑏𝐶𝑆.  Then 

𝑃𝑁𝐹(𝑏𝑑(𝐴)) = 𝑏𝑐𝑙(𝐴) ∩ 𝑏𝑐𝑙(𝐴)𝑐 ⊆ 𝑏𝑐𝑙(𝐴) = 𝐴 ⟹ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ⊆ 𝐴. 

5) If 𝐴 is PNFbOS, then 𝐴𝑐 is PNFbCS.  By (3) and (4) we have 𝑃𝑁𝐹(𝑏𝑑(𝐴)) =
𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴𝑐) 𝑎𝑛𝑑 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴𝑐)) ⊆ 𝐴𝑐 ⟹ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ⊆ 𝐴𝑐. 

6) (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴))𝑐 = (𝑏𝑐𝑙(𝐴) ∩ 𝑏𝑐𝑙(𝐴𝑐))𝑐 = (𝑏𝑐𝑙(𝐴))𝑐 ∪ (𝑏𝑐𝑙(𝐴𝑐))𝑐 = 𝑏𝑖𝑛𝑡(𝐴𝑐) ∪
𝑏𝑖𝑛𝑡(𝐴). Then we have (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴))𝑐 = 𝑏𝑖𝑛𝑡(𝐴) ∪ 𝑏𝑖𝑛𝑡(𝐴𝑐). 
Example 4.6: Let 𝑋 = {𝑎, 𝑏},  𝐴1 = {𝑥, (𝑎, 0.8,0.1,0.1), (𝑏, 0.5,0.2,0.3)}, 
  𝐴2 = {𝑥, (𝑎, 0.7,0.2,0,1), (𝑏, 0.6,0.2,0.2)}, define 𝜏 = {0,1, 𝐴1, 𝐴2} is PNFT, if 

𝐴 = {𝑥, (𝑎, 0.7,0.2,0.1), (𝑏, 0.4,0.3,0.3)}, note that  

𝑃𝑁𝐹(𝑏𝑑(𝐴)) = {𝑥, (𝑎, 0.8,0.1,0.1), (𝑏, 0.6,0.2,0.2), then we have 

                       𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) = {𝑥, (𝑎, 0.7,0.2,0.1), (𝑏, 0.5,0.3,0.2)} ⊆ 𝑃𝑁𝐹(𝑏𝑑(𝐴)), and 

                      𝑏𝑐𝑙(𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) = {𝑥, (𝑎, 0.75,0.1,0.1), (𝑏, 0.55,0.2,0.2} ⊆ 𝑃𝑁𝐹(𝑏𝑑(𝐴)). 

Proposition 4.7: Let A be a Pythagorean Neutrosophic Fuzzy Topology set in a 𝑃𝑁𝐹𝑇𝑆(𝑋, 𝜏).  Then, 

1) 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) = 𝑏𝑐𝑙(𝐴) ∩ (𝑏𝑖𝑛𝑡(𝐴))𝑐. 

2) 𝑃𝑁𝐹𝑏(𝑏𝑑(𝑏𝑖𝑛𝑡(𝐴)) ⊆ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)). 

3) 𝑏𝑖𝑛𝑡(𝐴) ⊆ 𝐴 ∩ (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴))
𝑐
). 

Proof: 
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1) Since 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) = 𝑏𝑐𝑙(𝐴) ∩ 𝑏𝑐𝑙(𝐴𝑐).  But 𝑏𝑐𝑙(𝐴𝑐) = (𝑏𝑖𝑛𝑡(𝐴))𝑐.  Then 

𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) = 𝑏𝑐𝑙(𝐴) ∩ (𝑏𝑖𝑛𝑡(𝐴))𝑐 . 

2) 𝑃𝑁𝐹𝑏 (𝑏𝑑(𝑏𝑖𝑛𝑡(𝐴))) = 𝑏𝑐𝑙(𝑏𝑖𝑛𝑡(𝐴)) ∩ 𝑏𝑐𝑙(𝑏𝑖𝑛𝑡(𝐴))𝑐 = 𝑏𝑐𝑙(𝑏𝑖𝑛𝑡(𝐴)) ∩

𝑏𝑐𝑙(𝑏𝑐𝑙(𝐴)𝑐) = 𝑏𝑐𝑙(𝑏𝑖𝑛𝑡(𝐴)) ∩ 𝑏𝑐𝑙(𝐴)𝑐 ⊆ 𝑏𝑐𝑙(𝐴) ∩ 𝑏𝑐𝑙(𝐴)𝑐 = 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)). 

3) Consider  

𝐴 ∩ (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴))
𝑐
) = 𝐴 ∩ [𝑏𝑐𝑙(𝐴) ∩ 𝑏𝑐𝑙(𝐴)𝑐]𝑐 = 𝐴 ∩ [𝑏𝑖𝑛𝑡(𝐴)𝑐 ∪ 𝑏𝑖𝑛𝑡(𝐴)]

= (𝐴 ∩ 𝑏𝑖𝑛𝑡(𝐴)𝑐) ∪ (𝐴 ∩ 𝑏𝑖𝑛𝑡(𝐴)) ⊆ 𝑏𝑖𝑛𝑡(𝐴). 

Example 4.8: Let (𝑋, 𝜏) be PNFTS defined in example (4.6), and  

𝐵 = {𝑥, (𝑎, 0.2,0.4,0.3), (𝑏, 0.5,0.2,0.1)}, 𝑏(𝑖𝑛𝑡(𝐵)) = 0 ⊆ 𝐵 ∪ 𝑏(𝑏𝑑(𝐵)𝐶) = {𝑥, (𝑎, 0,0.4,0.3), (𝑏, 0,0.2,0.1)}. 

Theorem 4.9: Let 𝐴 and 𝐵 be 𝑃𝑁𝐹𝑆𝑠 in a 𝑃𝑁𝐹𝑇𝑆(𝑋, 𝜏).  Then 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴 ∪ 𝐵)) ⊆ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ∪

𝑃𝑁𝐹𝑏(𝑏𝑑(𝐵)). 

Proof:  

From Theorem (3.5), we have 

𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴 ∪ 𝐵)) = 𝑏𝑐𝑙(𝐴 ∪ 𝐵) ∩ 𝑏𝑐𝑙(𝐴 ∪ 𝐵)𝑐 = 𝑏𝑐𝑙(𝐴 ∪ 𝐵) ∩ 𝑏𝑐𝑙((𝐴𝑐) ∩ (𝐵𝑐))    

⊆ (𝑏𝑐𝑙(𝐴) ∪ 𝑏𝑐𝑙(𝐵)) ∩ (𝑏𝑐𝑙(𝐴𝑐) ∩ 𝑏𝑐𝑙(𝐵𝑐))

= 𝑏𝑐𝑙(𝐴) ∩ (𝑏𝑐𝑙(𝐴𝑐) ∩ 𝑏𝑐𝑙(𝐵𝑐)) ∪ (𝑏𝑐𝑙(𝐵) ∩ (𝑏𝑐𝑙(𝐴𝑐) ∩ 𝑏𝑐𝑙(𝐵𝑐))

= (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ∩ (𝑏𝑐𝑙(𝐴𝑐)) ∪ (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐵)) ∩ (𝑏𝑐𝑙(𝐴𝑐))

⊆ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ∪ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐵)). 

⟹ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴 ∪ 𝐵)) ⊆ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ∪ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐵)).  

Example 4.10: Let  𝑋 = {𝑎, 𝑏}, 𝐴 = {𝑥, (𝑎, 0.6,0.3,0.1), (𝑏, 0.3,0.4,0.2)} ,𝜏 = {0,1, 𝐴},  
and then we have  

𝐵 = {𝑥, (0.3,0.2,0.3), (𝑏, 0.5,0.2,0.2)}, 𝐶 = {𝑥, (𝑎, 0.2,0.4,0.3), (𝑏, 0.4,0.3,0.2)} 

𝑃𝑁𝐹𝑏(𝑏𝑑(𝐶 ∪ 𝐵)) = {𝑥, (0.3,0.4,0.2), (𝑏, 0.4,0.2,0.3)} ⊆ {𝑥, (𝑎, 0.4,0.4,0.3), (𝑏, 0.5,0.3,0.4)}

= 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐵)) ∪ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐶)). 

Theorem 4.11: Let A and B be PNFSs in a 𝑃𝑁𝐹𝑇𝑆(𝑋, 𝜏).  Then  

𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴 ∩ 𝐵)) ⊆ (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ∩ 𝑏𝑐𝑙(𝐵)) ∪ (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐵)) ∩ 𝑏𝑐𝑙(𝐴)).  

Proof: 

𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴 ∩ 𝐵)) = 𝑏𝑐𝑙(𝐴 ∩ 𝐵) ∩ 𝑏𝑐𝑙(𝐴 ∩ 𝐵)𝑐 ⊆ (𝑏𝑐𝑙(𝐴) ∩ 𝑏𝑐𝑙(𝐵)) ∩ (𝑏𝑐𝑙(𝐴𝑐) ∪ 𝑏𝑐𝑙(𝐵𝑐))

= [𝑏𝑐𝑙(𝐴) ∩ (𝑏𝑐𝑙(𝐵)) ∩ 𝑏𝑐𝑙(𝐴𝑐)] ∪ [(𝑏𝑐𝑙(𝐴)) ∩ (𝑏𝑐𝑙(𝐵)) ∩ 𝑏𝑐𝑙(𝐵𝑐)]

= (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ∩ (𝑏𝑐𝑙(𝐵)) ∪ (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐵)) ∩ (𝑏𝑐𝑙(𝐴)) 

⟹ 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴 ∩ 𝐵)) ⊆ (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐴)) ∩ 𝑏𝑐𝑙(𝐵)) ∪ (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐵)) ∩ (𝑏𝑐𝑙(𝐴)). 

Example 4.12: Let 𝑋 = {𝑎, 𝑏}, 𝐴 = {𝑥, (𝑎, 0.4,0.4,0.3), (𝑏, 0.6,0.3,0.5} and 𝜏 = {0,1, 𝐴}  

be PNFT, 

 𝐵 = {𝑥, (𝑎, 0.3,0.5,0.4), (𝑏, 0.7,0.2,0.3}, 
  𝐶 = {𝑥, (𝑎, 0.4,0.3,0.5), (0.2,0.6,0.4)}, 

 then we have 𝑃𝑁𝐹𝑏(𝑏𝑑(𝐵 ∩ 𝐶) = 𝐴 ⊆ (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐵)) ∩ 𝑏𝑐𝑙(𝐶)) ∪ (𝑃𝑁𝐹𝑏(𝑏𝑑(𝐶)) ∩ 𝑏𝑐𝑙(𝐵)) = 𝑋.  

Conclusion: 

In this paper, we explored the structure of Pythagorean Neutrosophic Fuzzy Topological Spaces and 

introduced the concept of b-boundary within this framework.  Several theoretical properties were examined, and 

illustrative examples were provided to demonstrate the validity of the proposed concepts.  The results confirm that 

the b-boundary operator in this generalized topological environment behaves consistently with known topological 

principles.  These findings may open new directions for future research in the study of fuzzy, Neutrosophic, and 

intuitionistic topologies, particularly in application involving vague or incomplete information.  
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