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Abstract:
In this paper, we explore the structure and behavior of Pythagorean Neutrosophic Fuzzy Topological
Spaces (PNFTS), which generalize and fuzzy topologies by incorporating the concepts of indeterminacy and
hesitation though the Neutrosophic and Pythagorean frameworks. We introduce and study the concept of b-
boundary within this context and investigate its fundamental properties. The b-boundary operator plays a critical
role in describing the topological boundaries of sets in uncertain environments and offers a deeper understanding
of topological separation in neutrosophic fuzzy space. We provide a set of examples to illustrate and validate the
theoretical findings. Furthermore, we examine several theorems related to the behavior of b-boundaries under
various set operations. The results obtained demonstrate that the b-boundary in Pythagorean Neutrosophic Fuzzy
topological space maintains desirable topological characteristics while offering greater flexibility in dealing with
imprecise, vague, or inconsistent information. This work not only extends existing topological concepts to the
neutrosophic domain but also opens the door to future application in areas where uncertainty and indeterminacy.
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1. Introduction:

The concept of fuzzy set was introduced by Zadeh [13], Since then, the fuzzy set theory has influenced
almost all branches of mathematics. The idea of fuzzy topological spaces was further introduced and
developed by Chang [5]. Later, Atanassov [2,3] proposed the notion of intuitionistic fuzzy set.

The concept of the Neutrosophic set was introduced by Smarandache, while Wang et.al. studied the
notion of interval Neutrosophic sets [10]. Furthermore, Salama and Albowi defined the concept of crisp sets
and extended it to Neutrosophic crisp topological spaces [9]. Building upon these ideas, Yager introduced the
concept of Pythagorean membership grades [12]. Later, Shena and Nirmala proposed the concept of
Pythagorean Netrosophic open sets and established some properties on Pythagorean Neutrosophic open set
[8].

Granados introduced the notion of Pythagorean Neutrosophic b-open set and showed some properties on
Pythagorean Netrosophic b open set [6].

In this paper, we used the notion of Pythagorean Neutrosophic Topological Spaces for introducing the
concept of b-boundary Pythagorean Neutrosophic fuzzy topological Spaces. Moreover, some of their
properties are proved.

Preliminaries:

In this section, we will review the basic concepts of Pythagorean Neutrosophic sets, and Pythagorean
Neutrosophic Topological Spaces.
Definition 2.1: [10] Let X be a non-empty set. Then A is said to be a Neutrosophic set
( NS) of X if it is an object having the form A = {(x, tt4, 04, ¥4): x € X}. Where the function u,: X — [0,1], 0y :
X - [0,1], and y,:X — [0,1] denote the degree of membership (namely u,(x)), degree of indeterminacy
(namely o, (x)), and degree of non-membership (namely y,(x)) of each element x € X to the set 4, and satisfies
the condition, 0 < pu,(x) + g,(x) + y,(x)) <3Vx €X.
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Definition 2.2: [10] Let A and B be NS of the form A = {{x,us(x), 04(x),y4(x)):x € X} and B =
{(x, 1a(x), 04 (x), ya(x)): x € X}. Then

L. A C B ifand only if puy(x) < ug(x),04(x) = 05(x) and y,4(x) = yg(x).

2. = {(x, 04 (%), a (), ¥a(x)): x € X}

;. Avse {0, 14 V 115 (), 04 () A 035, 74 (0) Ay (0)): x € X},

4. ANB = {{x, ua(x) A pp(x), 04(x) V 05(x), ya(x) Vyp(x)): x € X}

5. 0={(x,0,1,1):x € X}, and 1 = {{x,1,0,0): x € X}.
Deﬁnltlon 2.3: [12] A Pythagorean fuzzy subset A of a non-empty set X is a pair

= (4y,9,) of a membership function p,: X — [0,1] and a non-membership function 9,: X — [0,1],

0< ufl(x) + 92(x) < 1 for each element x € X. Supposing
wi(x) +92 <1, then there is a degree of indeterminacy of x €X to A defined by m,(x) =

\/ 1 — [p4(x) + 92(x)] and 7, (x) € [0,1]. We denote the set of all Pythagorean fuzzy subsets over X by PFS(X).
Definition 2.4: [8] Let X be a non-empty set. Then A is said to be a Pythagorean Neutrosophic Fuzzy set (PNFS)
of X there is a A = {{x, U4, 04,V4): x € X} where the function p,: X — [0,1],04: X — [0,1] and y,4: X — [0,1]
denote the degree of membership (namely p4(x)), degree of indeterminacy (namely g4 (x)) and degree of non-
membership (namely y,(x) of each element x € X to the set A, and satisfies the condition
0 < pa(x)® + 04(0)? +ya(x)* < 1.
Definition 2.5: [8] A Pythagorean Neutrosophic Fuzzy Topology (PNFT) on a non-empty fixed set X is a family
of T of Pythagorean Neutrosophic Fuzzy Sets in X satisfying the following conditions:
1. 0,1 €.

il. For any A; A, € T, we have A; N A,eT.

ii. Ui A; € T for any arbitrary family {4;;i € [} S t.

In this case the pair (X, 7) is called a Pythagorean Neutrosophic Fuzzy Topological space (PNFTS) and each
Pythagorean Neutrosophic Fuzzy subsets in 7 is known as a Pythagorean Neutrosophic Fuzzy open set (PNFOS)
in X. The complement of an open Pythagorean Neutrosophic Fuzzy subsets is called a closed Pythagorean
Neutrosophic Fuzzy subset (PNFCS).

Definition 2.6: [8] Let (X, 7) be a PNFTS and A be a PNFS over X

1) Pythagorean Neutrosophic Fuzzy interior of A (PNFint (4)) is the union of all Pythagorean Neutrosophic
Fuzzy open sets of X contained in A. That is,

PNFint(A) =U{G:G is a PNFO setin X and G € A}.

2) Pythagorean Neutrosophic closure of A (PNFcl(4)) is the intersection of all Pythagorean neutrosophic
Fuzzy closed sets of X containing A. That of all Pythagorean neutrosophic Fuzzy closed sets of X
containing A. That is

PNFcl(A) =n{H:H is a PNFC setin X and A € H}.
2. b Boundary in Pythagorean Neutrosophic Fuzzy:
Definition 3.1: [6] For a Pythagorean Neutrosophic Fuzzy set A in a Pythagorean Neutrosophic Fuzzy Topological
Space (X, 7) is said to be Pythagorean Neutrosophic Fuzzy b- open set (PNFbOS) if A & PNFint((PNFcl(A) U

PNFcl(PNFint(A)).

The complement of a Pythagorean Neutrosophic Fuzzy b - open set is called Pythagorean Neutrosophic Fuzzy b
— closed set.

Definition 3.2:[6] Let (X, 7) be a PNFTS and A be a PNFS over X

1. Pythagorean Neutorsophic b Interior of A (PNFDb int(A4)) is the union of all Pythagorean Neutrosophic

Fuzzy b open sets of X contained in A. That is
PNFbint(A) =U {G:G is a PNFbO set in X and G < A}.

2. Pythagorean Neutrosophic Fuzzy b closure of A (PNFb cl(4)) is the intersection of all Pythagorean
Neutrosophic Fuzzy b closed sets of X containing A. That is
PNFbcl(A) =N {H:H is a PNFbC setinX and A € H}.

Theorem 3.5: [6] For a Pythagorean Neutrosophic Fuzzy Topological Space (X, 7) and

A, B € X. Then following statements hold:

1) Every Pythagorean Neutrosophic Fuzzy open set is Pythagorean Neutrosophic Fuzzy b — open
set.

2) PNFb int(PNFb int(A)) = PNFb int(A).

3) PNFcl(PNFb cL(A)) = PNFb cl(A).

4) Let A B be two Pythagorean Neutrosophic Fuzzy b — open sets, then PNFbOS(A) U
PNFbOS(B) = PNFbOS(A U B).
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5) Let A, B be two Pythagorean Neutrosophic Fuzzy b — closed sets, then PNFbCS(A) N
PNbCS(B) = PNbCS(A N B).
6) For any two sets A, B, PNFb int(A) N PNFbint(B) = PNFbint(A N B).
7) For any two sets A, B, PNFbcl(A) U PNFbcl(B) = PNFbcl(AU B).
8) IfAis PNFbOS in (X, t),then A = PNFbint(A).
9) IfA € B,then PNFbint(A) € PNFbint(B).
10) For any two sets A, B, PNFbint(A) U PNFbint(B) S PNFbint(A U B).
11) IfAis PNFbCS(X,t),then A = PNFbcl(A).
12) If A < B,then PNFbcl(A) € PNFbcl(B).
13) For any two sets A, B, PNFbcl(A N B) € PNFbcl(A) N PNFbcl(B).
3. Main Results:

Definition 4.1: Let A be PNFS in a PNFTS(X, 7). Then the Pythagorean Neutrosophic Fuzzy boundary of A
is defined as PNFbd (A) = cl(A) N cl(A°). PNFbd(A) is a Pythagorean Neutrosophic Fuzzy closed set.
Definition 4.2: Let A be PNFS in a PNFT(X, t). Then the Pythagorean Neutrosophic Fuzzy b — boundary of A
is defined as PNFb(bd(A)) = bcl(A) N bel(A). PNFb(bd(A)) is a Pythagorean Neutrosophic Fuzzy b — closed

set.
Remark 4.3: In classical topology, for any arbitrary set A in topological space X, we have: A U bd(A4) = cl(A).
However, for an arbitrary Pythagorean Neutrosophic Fuzzy set A in a PNFS(X,t), the equality may not hold.
AU PNFb(bd(4)) < cl(A),
Example 4.4: Let X = {a, b}, A = {x, (a,0.2,0.4,0.3), (b, 0.3,0.6,0.5)}, and
B = {x, (a,0.2,0.3,0.2), (b,0.1,0.6,0.6)} then the family 7 = {0,1, A} is PNFT on X,since cl(B) = AU B but
PNb(bd(B)) = B , then we have B U PNFb(bd(B)) #+ AU B.
Proposition 4.5: Let A and B be PNFSs in a PNFTS(X, t). Then the following condition hold
1) PNFb(bd(A)) € PNF(bd(A)).
2) bcl(PNFb(bd(A)) < PNF(bd(A)).
3) PNFb(bd(A)) = PNFb(bd(A%)).
4) IfAis PNFbCS, then PNFb(bd(A)) S A.
5) IfAis PNFbOS, then PNFb(bd(A)) < A°.
6) (PNFb(bd(A))¢ = bint(A) U bint(A°).
Proof:
1) Since bcl(A) € cl(A) and bcl(A°) € cl(A®). Then PNFb(bd(A)) = bcl(A) N bcl(A°) ©
cl(A) N cl(A°) = PNF (bd(A). Hence, PNFb(bd(A)) < PNF(bd(A)).
2) bcl(PNFb(bd(A)) = bel(bel(A) N bel(A)) € bel(bel(A)) N bel(bel(A€)) = bel(A) n
bcl(A®) = PNFb(bd(A)) € PNF(bd(A)).
3) PNFb(bd(A)) = bcl(A) N bcl(A€) = bel(A€)E N bel(AC) = bel(A) N bel(A€)E =
PNFb(bd(A°)).
4) LetAbean PNFbCS. Then
PNF(bd(A)) = bcl(A) N bel(A)€ € bel(A) = A= PNFb(bd(A)) € A.
5) If A is PNFbOS, then A° is PNFbCS. By (3) and (4) we have PNF(bd(A)) =
PNFb(bd(A€) and PNFb(bd(A°)) € A° = PNFb(bd(A)) < A°.
6) (PNFb(bd(A))¢ = (bcl(A) N bcl(A€))€ = (bcl(A))€ U (bcl(A))E = bint(A°) U
bint(A). Then we have (PNFb(bd(A))¢ = bint(A) U bint(A°).
Example 4.6: Let X = {a, b}, A; = {x, (a,0.8,0.1,0.1), (b, 0.5,0.2,0.3)},
A, ={x,(a,0.7,0.2,0,1), (b, 0.6,0.2,0.2)}, define T = {0,1, A, A,} is PNFT, if
A = {x,(a,0.7,0.2,0.1), (b, 0.4,0.3,0.3)}, note that
PNF(bd(A)) = {x, (a,0.8,0.1,0.1), (b, 0.6,0.2,0.2), then we have
PNFb(bd(A)) = {x,(a,0.7,0.2,0.1), (b,0.5,0.3,0.2)} € PNF(bd(A)), and
bcl(PNFb(bd(A)) = {x, (a,0.75,0.1,0.1), (b, 0.55,0.2,0.2} € PNF(bd(4)).
Proposition 4.7: Let A be a Pythagorean Neutrosophic Fuzzy Topology set in a PNFTS(X, ). Then,
1) PNFb(bd(A)) = bcl(A) n (bint(A))°.
2) PNFb(bd(bint(A)) € PNFb(bd(A)).
3) bint(A) € An (PNFb(bd(A))°).
Proof:
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1) Since PNFb(bd(A)) = bcl(A) N bcl(A°). But  bcl(A€) = (bint(A))". Then
PNFb(bd(A)) = bcl(A) n (bint(A))E.
2)  PNFb (bd(bint(4))) = bel(bint(A)) 0 bel(bint(A)) = bel(bint(4)) N
bcl(bel(A)€) = bel(bint(A)) N bel(A)C € bel(A) N bcl(A)° = PNFb(bd(A)).
3) Consider
A (PNFb(bd(A))) = AN [bel(A) N bel(A)€]C = A N [bint(A)° U bint(A)]
= (A N bint(A)°) U (4 n bint(A)) S bint(A).
Example 4.8: Let (X, 7) be PNFTS defined in example (4.6), and
B = {x, (a,0.2,0.4,0.3), (b, 0.5,0.2,0.1)}, b(int(B)) =0<S BUbMbdA(B)®) = {x,(a,0,0.4,0.3), (b,0,0.2,0.1)}.
Theorem 4.9: Let A and B be PNFSs in a PNFTS(X,7). Then PNFb(bd(A U B)) < PNFb(bd(A)) U
PNFb(bd(B)).
Proof:
From Theorem (3.5), we have
PNFb(bd(A U B)) = bcl(A U B) N bel(A U B)° = bel(A U B) N bel((4A°) n (BY))
< (bcl(A) U bel(B)) n (bel(A°) N bel(B9))
= bcl(A) N (bel(A9) N bel(B€)) U (bel(B) N (bel(A°) N bel(BE))
= (PNFb(bd(A)) N (bcl(A°)) U (PNFEb(bd(B)) N (bcl(A%))
S PNFb(bd(A)) U PNFb(bd(B)).
= PNFb(bd(A U B)) € PNFb(bd(A)) U PNFb(bd(B)).
Example 4.10: Let X = {a, b}, A = {x, (a,0.6,0.3,0.1), (b, 0.3,0.4,0.2)} ,z = {0,1, A},
and then we have
B ={x,(0.3,0.2,0.3), (b, 0.5,0.2,0.2)}, C = {x, (a,0.2,0.4,0.3), (b, 0.4,0.3,0.2)}
PNFb(bd(C U B)) = {x, (0.3,0.4,0.2), (b, 0.4,0.2,0.3)} < {x, (a, 0.4,0.4,0.3), (b, 0.5,0.3,0.4)}
= PNFb(bd(B)) U PNFb(bd(C)).
Theorem 4.11: Let A and B be PNFSs in a PNFTS(X, ). Then
PNFb(bd(A N B)) € (PNFb (bd(4)) n bcl(B)) U (PNFb(bd(B)) n bcl(A)).
Proof:

PNFb(bd(A N B)) = bcl(An B) N bel(An B) < (bel(A) N bel(B)) n (bel(A°) U bel(BY))

= [bcl(4) n (bel(B)) N bel(A9)] U [(bel(A)) n (bel(B)) N bel(BO)]

= (PNFb(bd(A)) n (bcl(B)) U (PNFb(bd(B)) N (bcl(A4))

= PNFb(bd(A n B)) € (PNFb(bd(A)) N bel(B)) U (PNFb(bd(B)) n (bcl(A)).

Example 4.12: Let X = {a, b}, A = {x, (a, 0.4,0.4,0.3), (b,0.6,0.3,0.5} and 7 = {0,1, A}
be PNFT,
B = {x, (a,0.3,0.5,0.4), (b, 0.7,0.2,0.3},
C = {x,(a, 0.4,0.3,0.5),(0.2,0.6,0.4)},
then we have PNFb(bd(B N C) = A € (PNFb(bd(B)) n bel(C)) U (PNFb(bd(C)) N bel(B)) = X.
Conclusion:

In this paper, we explored the structure of Pythagorean Neutrosophic Fuzzy Topological Spaces and
introduced the concept of b-boundary within this framework. Several theoretical properties were examined, and
illustrative examples were provided to demonstrate the validity of the proposed concepts. The results confirm that
the b-boundary operator in this generalized topological environment behaves consistently with known topological
principles. These findings may open new directions for future research in the study of fuzzy, Neutrosophic, and
intuitionistic topologies, particularly in application involving vague or incomplete information.
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