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ABSTRACT

In the article we discuss about the periodicity solution of the difference equation and also the global
stability of the positive solutions of nonlinear difference equation

by _x
Vet TPV + Q¥ + By £ . N 0.1.2, ..

Where the co-efficients . @. &. &, d. g £ (L 22} |, while k and | are positive integers. The initial conditions
¥_pswa ¥_pa s ¥_y.¥pare arbitrary positive real numbers such that & = {. Numerical examples will be given to

illustrate our results. Here we used boundedness positive integers and also the parameter which is used for
theorems and lemmas.
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1.INTRODUCTION

The qualitative study of difference equations is a fertile research area and increasingly attracts many
mathematicians. This topic draws its importance from the fact that many real life phenomena are modelled using
difference equations. Examples from economy, biology, etc. can be found in [1-6]. It is known that nonlinear
difference equations are capable of producing a complicated behaviour regardless its order. This can be easily
seen from the family ¥, . = g, (3, ). 1 = 0.n = 0. This behaviour is ranging according to the value of , from

the existence of a bounded number of periodic solutions to chaos.

There has been a great interest in studying the global attractivity, the boundedness character and the
periodicity nature of nonlinear difference equations. For example, in the articles [7-13] closely related global
convergence results were obtained which can be applied to nonlinear difference equations in proving that every
solution of these equations converges to a period two solution. For other closely related results (see [14-23]) and
the reference cited there in. The study of these equations is challenging and rewarding and still in its infancy.
We believe that the nonlinear rational difference equations are of paramount importance in their own right.
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Furthermore the results about such equations offer prototypes for the development of the basic theory of the
global behaviour of nonlinear difference equations.

The objective of this article is to investigate some qualitative behaviour of the solutions of the nonlinear
difference equation

Yarr =Py + QUi + RYp + e n = 0,12, (1)

dVr-k—5Vn-1

Where the coefficients P.Q.R.b.d.e € (0.=c).while k and | are positive integers. The initial

CONditioNSY _ s s e s ¥_g o o ¥_g, Vg are artrary positive real numbers such that & < I. Note that the special cases
of Eq.(1) have been studied discussed in [24] when @ = & = 0an k = 0.[ =1, h.is replaced by —&and in [25]
when @ = R = 0and . bis replaced by —kand in [26] when P = R = 0,b is replaced by—& and in [27]

when@ =R =01=0
Our interest now is to study behaviour of the solutions of Eq.(1) in its general form. For the related work
(see [28-30]). Let us now recall some well known results [2] which will be useful in the sequel.
Our goal in this paper is to investigate the global stability character and the periodicity of solutions of
the recursive sequence
Bym-i+c¥n-k 0)
€¥n-1FE¥n-k
Where the parameters a. & ¢. d and & the positive real numbers and the initial conditions ¥_s: ¥_¢4 4. .. ¥_3 and
¥p are positive real numbers where & = max{l, k! and [ # k.

Vppr = ot

1.1 Definition

Consider a difference equation in the form ¥ .: = Fly. ¥a_p ¥} n = 0.1.2, 2)
Where Fis a continuous function, while & and ! are positive integers such that & = 1. An equilibrium point ¥ of
this equation is a point that satisfies the condition ¥ = F (i, ¥, i%). That is, the constant sequence {,,} with
¥, =vforalln = —k = —{ is a solution of that equation

1.2 Definition
let 7 € (0, be an equilibrium point of Eq. (2). Then we have

(i) An equilibrium point ¥ of Eq. (2) is called locally stable if for every & = 0 there exists & = 0 such that,
if V_p e ¥go o0 ¥o 1 € (0, o2dwith
v = Fl+ -+l —Fl+ -+ 1y, — #l + Iy, — %l <&, then Iy, — 7l < = for all
n=—k=-L

(ii) An equilibrium point # of Eq. (2) is called locally asymptotically stable if it is locally stable and there
exists ¥ = 0 such that, if ¥_p . ¥_g o ¥o1.3 £ (0,2 lwith
v —Fl+ -y = Fl+ o+ by, — 3+ by — #l < 9 then lim,_.x, =F

(iii) An equilibrium point ¥ of Eq. (2) is called a global attractor if for every
Vo wwens Yfpr oo Yoy, ¥ € (0,20 )we have limy,_ . x, = ¥

(iv) An equilibrium point ¥ of Eq. (2) is called globally asymptotically stable if it is locally stable and a

global attractor.
(v) An equilibrium point ¥ of Eq. (2) is called unstable if it is not locally stable.

1.3 Definition
A sequence Ly, } x_; is said to be periodic with period * if ¥, . = ¥, foralln = —p. A sequence

=

Il n:—z is said to be periodic with prime period r if ris the smallest positive integer having this property.

1.4 Definition
Eq. (2) is called permanent and bounded if there exists numbers m and M with 0 < m < M = =esuch that
for any initial conditions ¥_. «e+s ¥_g e o2 ¥_0. ¥ € (0,22 there exists a positive integer Nwhich depends on

these initial conditions such that m = w, = Mforalln = N.

1.5 Definition
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The linearized equation of Eq. (2) about the equilibrium point yis defined by the equation

Zpet = PoZnt PZnp tPaEa_, =0, 3)
Where
_FGFF) _FGFS) _FGF)
ﬂ.‘l’r! ' a}’n—k ' T ﬂ.‘l’n—[

The characteristic equation associated with Eq. (3) is
plA)=a+t 13k _ 5 =0 (4)

2.0 The local stability of the solutions

The equilibrium point ¥of Eq. (1) is the positive solution of the equation

F=C+Q+ R+ 5)

Where d # e If[(P + @ + R} — 1.(e — dJ}] =0, then the only positive equilibrium point ¥ of Eq. (1) is given
by

F=— ®)

T r+g+R) = Lie—d)
Let us now introduce a continuous function
F:(0,52)® — (0, cz)which is defined by

Ei'i.".i

Flug,uy.u;) = Puy + Quy + Ru, + E 7
Provided du; = euzconsequently, we get
T _pp,
FiiPd e[+ +A1-1]
g ;}il.::.}:n — [N [f:r:'_; 1 _ . ©)
FiRF g[lP+Q+m-1]
g :.;E.A}.J-:n —R_ [r:r::; g_ .

Where & # d. Thus the linearized equation of Eq. (1) about ¥ takes the for
Eper —Ppdy — &y _p— man_; = 0. Where gy. oy andg, are given by (8).

2.1 Local stability of the equilibrium point of (1)

BY¥n-l+E¥n-k
¥ n-I+E¥n-k

This section deals with study of the local stability character of the equilibrium point of y,,, = a +

Theorem 2.1

Assume that 2lbe — decl = (d + e){a(d + &) + b + c). Then the positive equilibrium point of
BY¥n-1+C¥n—k

V-tV n-k

Vpep =8+ is locally asymptotically stable.

Proof

Misgivenby .‘}T:ﬂ'+ﬁ

The only positive equilibrium point of w,,, =a + Fr—

Let f£:(0.%2)* — (0. =) be a continuous function defined by
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bu+cv

fluv) =a+_— ()
We have
EM [du+er)? av (du+er)?
Then we see that
af(y.y) (ke —dc) (he — de)
e 10 @toldiat+bio o
8f (y.¥) (de — bea)
v  W@+olal@d+d+bta) O

Then the linearized equation of (2) about ¥ is

Ty F By Xy F O =0, (i)
Whose characteristic equation is

et taa"tta, =0 (iii)
The Eq. (ii) is asymptotically stable if all the roots of (iii) lie in the open discla| = 1.that is if
la, | + lagl < 1,

(be — dc) (dec — be)
Gro@ta tbsa| ‘(d+e](a(d Y]
And so 2 |m ’
Or 2lbe —del < (d + ellald +e) + b+ 2.
The proof is complete.
3.0 Periodic solutions
In this section, we discuss about the existence of periodic solutions of
Ya+r =PVn + Q¥nip + Ry + Ln =0,12...
2¥n—k — &¥n-1

3.1 Theorem

If & and lare both even positive integers, theny, ., = Py, + Qv _p + Ry + d}_:’_}:_;':_ﬂ_i,
n = 0.1,2..has no prime period two solution.
Proof

Assume that there exist distinct positive solutions
o ABLAE. ... 9)
of prime period two of ., = Py, + Qv _x + Ryn_; + ﬁ n=012..

If kand [are both even positive integers, then ¥, = ¥, _; = ¥, -, It follows from
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Yaet = Phn + Qi+ Rypy + o, n= 0,12, .that
A=(P+Q+RB- = (10)
and
B=( +Q+RA-—. (11)
By subtracting (11) from (10), we get
{P+Q+H]A—{P+Q+R]B—{g_d]+{:d]:{B—A]
P+Q+RAP+Q+RB=(B-A)

(A-BIP+Q@+R)]=(B -4
A-BIP+@+RI]-(B-Al=0
A-BIP+@+RN+(A-El=0
(A-BIlP+Q+RI+1] =0 (12)

SinceP +Q + R+ 1=0,thend = E.
This is a contradiction. Thus, the proof is now completed.
3.2 Theorem
If kand [are both odd positive integers and F +1 = ¢ — R, then

BV -l

d¥r-k—EVn-1

S¥pey =Pvw, + 0w, + By + .n = 0,1,2,..has no prime period two solution.

Proof

Following the proof of theorem 1, we deduce that if k and | are both odd positive integers, then
Vns1 = Vaoi = Va1 itfollows from  y,,, = Py + Qupop + R¥n_ ) +—=E— n = 0,1,2,.... that

d¥r-k—EFn-1

b
re—dy’

A=PBE+(Q+RIA+ (13)

and

E=PA+(Q +RIB + (14)

]
(e—d)’

By subtracting (14) from (13), we get

b

b
D G- B4

PA-PBE+(Q+REB-(Q+RA+

PA-PE+(Q+RIE-Q+RIA=(B- AN

AlP-(@+R]-BIP-(@Q+R)]=(E -4
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A-BIP-@+R]-(B-4=0
A-BIP-(@+RN+(4A-Bl=0

A-BllP-(g+R)+1] =0 (15)
Since —(Q +R)+1=0thenAd=E

This is a contradiction. Thus, the proof is now completed.

3.3 Theorem

If kis even and lis odd positive integers, then ., = Py, + Qv + Ry + E}"—'“n =012,..

Y-k €¥Fn-I

Shas prime period two solution if the condition

(1-R(Be —d)1-RI 3¢ —d) < (e +dl(4d + B), (16)
is valid, provided € = landell — £} —dl4 + B} = 0.

Proof

If kiseven and fis odd positive integers, then %, = ¥, _zand ¥, .1 = ¥, it follows from

Yot =Pynt Qunog + Ry i+ 7 o—.n=0,12.....that

d¥r—k—E¥n-1

A=(P+0Q)B+RA— .;Efm cand B =(P +Q)A +RE - —=— (17)& (18)
eA* —dAB = e(P + QJAB — d(P + Q)B* + eRA® — RdAB — bE, (19)
eB?— dAB = (P + Q)AB — d(P + Q)A* + eREB* — RdAE — bA, (20)
By subtracting (20) from (22), we get

A+B = m : 1)
Wheree(1 — R) — d(P + QJe = 0. By adding (19) and (20), we obtain

AB = 0 (1R (22)

(e +D1-B+ P+ I [elL-R-d{P+D2
Where B = 1. Assume that £ and @ are two positive distinct real roots of the quadratic equation.
t? — (A + B)t + AB = 0(23)
Thus, we deduce that (4 + B)? = 44EB

Substituting (21) and (22) into (14). Thus, the proof is now completed.

3.4 Theorem
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If kis odd and [is even positive integers, then
Yaer =PYn Qi+ Ryn i+ o = 012
has prime period two solution if the condition
(P+R)(3e —d) = (e +d)1 -0Q), (24)
Is valid, provided @ — 1 and d(1 — @) —e(P + R} = 0.
Proof
If kis odd and [ is even positive integers, then ¥ .3 = ¥ _;and ¥, = ¥y _;

BVp—k

If follows v, ., =Pw, + Qw, _ + Ry + ey 0.12....
ba
That A = (P + QJB + QA - e (25)
b5
And B = (P + I?:]A s [eA-d5] (26)
Consequently, we get
I B
A+ B = e ] (27)
Where d{1 — @) —elP + R} = 0,
AB = s0° (F+A) (28)

(e+dd[(L—)+(F+R[d(L-R - 2[F+R)] 2

Where @ = Ll.substituting (27) and (28) into (23), we get the condition (24) Thus, the proof is now completed.

4.0 Boundedness of solutions of (1)

In this section, we investigate the boundedness of the positive solutions of
Vvt =PYutQlpp RYp-to— 22— n=0,1,2, ..

Y-k~ E¥n-1
and boundeness nature of the solutions of (1),

Theorem 4.1

“In=l*n-kjs hounded and persists.

¥ n-1+E¥n-k

Every solution ofy, ., =a +

Proof

Lu-Pnck jt follows from  y,,, = @ + —E-Ctm=E that
dY -1+ &V -k '

Let {x,}5=_; be a solution of v, ., = a + TR

byn_i + €¥n—k max{b, c}
7 —_ 1:: 3
Yasg =@t GV + 8Vap at minid, e}
[B.c3
Then ¥+t =a+ :ji:[:.:-g =M forall n =1. (29)

Also, we see from (1.1) that
BVt E¥n-k min {&.cl

=at

E¥ -1+ E¥n—k

Yniy =8+ max {d,s}’
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min{f.cl

Then ¥, =a+ =m forall n=1 (30)

max{d.e}

Thus we get from (29) and (30) that

min{b.cl max{bcl

a+ T Wper =G+ forall =n=1

maz {d.&) min{d,s}

Thus, the solution is bounded and persists.
Theorem4.2

Let {3} be a solution of equ (1). Then the following statements are true:

(i) Suppose & == d and for some IV = 0, the initial conditionS ¥y _jy g0 e vs ¥or ciemgs sre s Vy— 10 ¥y E E 1_]
are valid ,then for b = 2 and d* = he, we have the inequality
E{P+Q+Rj+ﬁc_:yﬂc_:@+cp+m+ﬁ, (31)
Forall n = I,

(ii) Suppose b = d and for some IV = 0. the initial conditionS ¥y i q0 v o0 ¥y —jras o e e ¥ip—1a ¥y E [1, %]

are valid ,then for & = g and d* = he, we have the inequality

Ei':

(P+Q+R) + ==y, 22 P +Q+B) + — (32)
Foralln = N,
Proof
First of all, if for some ¥ = U,E = vy = land & # #, we have
Mot = Pyv + Qivox £ Ryt o S P4 QR+ (33)
But, it is easy to see that dyy_; — e¥y_; = b — & then for & = &, we getS
Yyes (P +Q +R) + . (34)
Similarly, we can show that
Woer 2 (P +Q + R) 4 20— (35)

But, one cansee that  dvy_; — evy_; = % then for d* = be, we get

'ﬂd.
(d2-pe)

Vare1 EE{P+Q+R] + (36)

From (34) and (36) we deduce for all n = N that the inequality (31) is valid. Hence, the proof of part (i) is
completed.

Similarly, if 1 <y, = % we can prove part (ii) which is omitted here for convenience. Thus, the proof is

now completed.
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Hence the proof

5 Conclusions

We have discussed some properties of the nonlinear rational difference eq.(1), namely the periodicity,s the
boundedness and global stability of the positive solutions of this equation. We gave some figures to illustrate the
behaviour of these solutions. Our results in this article can be considered as a more generalization. Than the
results obtained in refs [5].
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