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ABSTRACT 

 

An attempt has been made to reveal the characteristics of kinematic chains on the basis of topology. Isomorphism, 

inversions, symmetry, angular velocity, angular acceleration and jerk can be determined with the help of gradient 

concept and chains can be graded on the basis of all the above said characteristics of kinematic chains but in this 

paper chains are graded on the basis of symmetry. Concept is applied in this paper for 6-link one degree of freedom 

kinematic chains though it is also useful in 8-link, 10-link and 12-link for all known families of kinematic chains i.e. 

single degree of freedom, multi degree of freedom and graded them on the basis of symmetry. Kinematic chains are 

directly used for writing the distance matrix. First gradient and second gradient matrices are formed, on the basis of 

first order gradient matrix first gradient link values and first gradient total value can be determined. Similarly on 

the basis of second order gradient matrix second gradient link values and second gradient total value can be 

determined. In this paper second order gradient matrix is used to grade the kinematic chains on the basis of 

symmetry which discloses flow of magnitude of relative angular acceleration. This concept has great potential and 

can be used to study symmetry and parallelism which are useful in structural synthesis and platform-type robots 

respectively.  
 

Keyword: - Kinematic chains, symmetry, mechanisms, first gradient total value, second order total value  

 
1. INTRODUCTION 

A mechanism is a kinematic chain where at least one link has been "grounded," or fixed, to the frame of reference. A 

mechanism is a movable closed kinematic chain where one of its link is fixed. A six- bar linkage, if one of its link is 

fixed to form the frame of the mechanism, as represented in figure-1. 

 

  

  

 

 

 

 

Fig -1: Six Bar Mechanism with Ternary A fix 

 The degree of freedom of an assemblage of links completely predicts its characteristics. There are three 

possibilities. When the degree of freedom is positive, then it will be a mechanism, and all the links will have the 

relative motions. If the degree of freedom is exactly zero, it will be a structure, and hence there is no motion is 
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possible. In case when the degree of freedom is negative, then we have to obtain a preloaded structure, which means 

that there will no rotation is possible and some stresses may also be exist while assembly of links. 
 

1.1 Kinematic Inversion  

In any mechanism when different links are grounded one by one then an inversion is found. So there may be as 

many inversions in a given mechanism. The number of inversions depends upon the number of links a mechanism 

has. The motions found from each inversion can be different, but some inversions in a mechanism may have 

motions similar to that of other inversions in the same mechanism. In that cases some inversions may have distinctly 

different motions. We will represent the inversions which have distinctly different motions as distinct inversions. 

The Watt's six link chain has two different inversions, and Stephenson's six link chain has three different inversions. 

The six link Watt’s chain give up two different six link mechanisms as represented in figure-2. 

  

  

 

 

 

 

         

               Watt’s Six Link Inversion I                Watt’s Six Link Inversion II 

Fig -2: Inversions of the six link Watt chain 

 

1.2 Degrees of Freedom (DOF) 

Any type of mechanical system can be categorised according to the number of degrees of freedom (DOF) which it 

has. The system's DOF is equal to the number of independent parameters (measurements) which are required to 

uniquely describe their position in the space at any instant of time. Note that the DOF is defined with respect to the 

selected frame of reference. 

Every member of mechanism can move for certain direction or/and rotate about certain axes and 

constrained in other directions. Thus the Degree of Freedom is the determination of the possible movements of any 

mechanisms.  

The degree of freedom or mobility, DF, of a kinematic chain or mechanism can be described as the number 

of independent inputs required to determine the positions of all the links of a chain. One degree of freedom of a 

mechanism i.e. DF =1, shows that if any point in the mechanism is moved on a given path, all the other points will 

have uniquely determined (Constrained) motions. Two degree of freedom of a mechanism i.e. DF=2, that means two 

independent motions must be presented at the two different points in the mechanism. Corresponding condition put 

on for more than two degree of freedom. The degree of freedom for the four- bar chain in figure-3 (a) is unity, 

because only one variable such as 1 is necessary to describe the relative position of all the links. A five- bar chain 

in figure-3 (b) has two degree of freedom, because two angles such as 1 and 2
 
are necessary to describe the 

relative position of all the links. 

A kinematic chain is called movable if its number of degree of freedom is one or greater (DF1); otherwise 

it is said to be locked (DF1).  

 To find out the overall DOF of any type of mechanism, we must have knowledge about the number of links 

and the number of joints, and the interactions between them. The DOF of any type of assembly of the links can be 

predicted by an investigation of the Gruebler condition. 

  

   M = 3L-2J-3G     (1.1) 

 

 Where:  M = degree of freedom or mobility 

   L = number of links 

   J = number of joints 

   G = number of fixed links 
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In planar mechanisms, the degree of freedom for an n-link chain connected by J1 joints which has 1 degree of 

freedom and J2 joint which has 2 degree of freedom, with the fixed link considered as one of the links is given by 

Grubler’s criterion as given below: 

  

M = 3(L-1) –2J1-J2    (1.2) 

 

    

           

         

          Ø1                                                  Ø1                 Ø2   

                    

          

                 (a) Four bar chain, DF = 1      (b) Four bar chain, DF = 2 

Fig -3: Mechanism with DOF = 1 and 2 

 

1.3 Grashof Law 

The Grashof law is a relationship which tells us about the rotational behaviour of a four bar mechanisms inversions 

based only on the link lengths. 

   Let  S = Shortest link length. 

   L = Longest link length.  

   P = length of one remaining link.  

   Q = length of another remaining link.  

  

And if                  S+L ≤ P+Q     (1.3)  

 The linkage is Grashof and at least one link will be able to making a complete revolution with respect to the 

fixed plane. This is known as a Class I kinematic chain.  If an inequality is not satisfied, then the linkage is non-

Grashof and none of the link will be able to making a full rotation relative to any other link. This is known as Class 

II kinematic chain. 

 In order to assemble a four links the longest link must be shorter than the sum of the remaining three links, 

     L < (S+P+Q)    (1.4) 

  

1.4 Kinematic Synthesis 

Kinematic synthesis is an essential step in the first stage of designing a machine, as it shows the creation of 

mechanism in order to achieve a desired set of motion characteristics. The overall problem in synthesis is basically 

approached in three phases. 

  1. Type synthesis. 

  2. Number synthesis. 

  3. Dimensional synthesis.  

 

 Type synthesis refers to the type of mechanism selected, like linkages, a geared system, belts, rack & pinion, 

pulleys, shaft or a cam and follower system. 

 Number synthesis comprises of number of links and the number of joints or pairs of the particular type 

required to find a given number of independent inputs to the mechanisms.  

 Dimensional synthesis deals with the determination of the dimensions of the parts-length, angles etc., 

necessary to produce a mechanism that results in specified motion requirements. 

 

1.5 Number Synthesis 

The term number synthesis has been coined to mean the determination of the number and order of links and joints 

required to produce motion of a certain DOF. Order in this context means the number of nodes per link, for 
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example: binary, ternary, quaternary, etc. The value of number synthesis is to allow the exhaustive determination of 

all the possible combinations of links which will yield any selected DOF. This is then prepares the designer with a 

final catalogue of potential linkages to resolve a variety of motion control problems. Number synthesis of 

mechanisms gives a thorough and systematic method of discovering, displaying, innovating and evaluating all the 

possible methods of obtaining a desired motion.  

 In order to obtain the desired motion a collection of connected links must meet creating requirements i.e. 

relative motion between the two links should be possible. Crossely has been developed an algorithm and accordingly 

reported all the possible combinations of polygonal links for a certain number of links with degree of freedom DF = 

1 as represented in Table 1. 

 

Table -1: All possible Combination for links of 1 DOF planar Kinematic Chain upto 10 links 

 

Total links 
Link sets 

Binary Ternary Quaternary Pentagonal Hexagonal 

4 4 0 0 0 0 

6 
4 2 0 0 0 

5 0 1 0 0 

8 

7 0 0 0 1 

4 4 0 0 0 

5 2 1 0 0 

6 0 2 0 0 

6 1 0 1 0 

10 

4 6 0 0 0 

5 4 1 0 0 

6 3 0 1 0 

6 2 2 0 0 

7 1 1 1 0 

7 0 3 0 0 

8 0 0 2 0 

8 0 1 0 1 

 

 

1.6 Types of Motion 

 Pure rotation: The body has a one point (centre of rotation) where there is no motion with respect to the "fixed" 

frame of reference. All the other points on that body describe arcs about that centre. A reference line has drawn on 

that body through the centre changes only their angular orientation. 

 

Pure translation: All the points on the body describes parallel (curvilinear or rectilinear) paths. A reference line 

drawn on that body changes their linear position but the same time their angular orientation does not change.  

 

Complex motion: complex motion is nothing but a simultaneous combination of a rotational motion and 

translational motion. Any reference line drawn on the body will change both their linear position as well as their 

angular orientation. Points on that body will travel non-parallel paths, and there will be, at each instant, a centre of 

rotation, which will continuously change location. 

 

 

2. METHODOLOGY  
 

Numerous distinct and different kinematic chains comprising of same number of links and joints with the same 

degree of freedom are exists. It is very difficult for a designer to choose the best for the specified objective and has 

to depend largely on the intuition based on experience, knowledge and information from the available broad choice. 

The action of chain basically depends upon the number of links, number of joints, kind of loops as well as its 

topology. Two distinct but different chains with the same degree of freedom and same number of links as well as 

same design parameters will have different capabilities for creating motion and this fact can be attributed to the 
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difference in the structural topology of the chains. The designer must be able to read a chain and their anticipated 

performance, in a relative sense, without going through the complete synthesis and analysis.  

In order to accomplish the above, a gradient concept based on distances amongst various links is proposed. 

This will enable the designer to find out angular acceleration among kinematic chains and compare the chains for 

various kinematic properties. 

 

2.1 Distance matrix 

 

A distance matrix D can be written for every kinematic chain by incorporating the distances between the various 

links. The elements of the matrix will be Dik = least number of joints between links I and K with all diagonal 

elements D ii = 0. Sum of node values of the links which are joined together gives us joint value and sum of joint 

values of the links which are having least distance gives us elements of the matrix. This matrix is called distance 

matrix. 

 

2.1.1 First order gradient matrix 

 

Gradient Matrix: Taking analogy of water flow between tanks (links), connected by pipelines (joints), it is easy to 

note that a gradient is necessary for water flow (motion transfer). The quantum of flow is dependent upon the 

magnitude of the gradient. Gradient can be downward or upward, the former increases the rate and quantum of flow 

while the other reduces the same. The present analogy belongs to the later case, that is higher the gradient lesser is 

the flow (motion). First order and second order gradients are defined in terms of distances deal in reality with the 

relative location of links in a chain. First Order Gradient Matrix F, with elements FIK and Second Order Gradient 

Matrix S with elements Sik between two links I and K are proposed as 

      n 

    F IK =  ∑ (│DIJ – DKJ│) / D IK     (2.1)  

I= J=1  

and     n 

    S IK =  ∑ (│FIJ – FKJ│) / F Ik      (2.2)  

 I=J=1 

where I and K represents the rows and columns of the matrix. 

From the definition of the gradient, it is clear that the numerator is the cumulative difference of the two 

rows representing the respective links and denominator is the distance between the two links I and K. The matrices 

so developed will be square and symmetric in nature.  

According to the definition, element F12 for first order gradient matrix FIK for watt’s chain will be  

 F 12  =   12

1

21
/

 | |
 D

DDn

ij

jj





  

  =

12

261625152414231322122111

D

|D-D||D-D||D-D||D-D||D-D| |D-D    

=
4

|8-4|  |10-6|  |6-2|  |6-6|  |0-4|  |4-0| 
  

              = 5 

 

Similarly, other elements of matrix Fik can be calculated and matrix Fik will be generated for Watt`s chain. 
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2.1.2 Second order gradient matrix 

In a similar way Second Order Gradient Matrix for Watt`s chain can be generated. The element S12 for Second Order 

Gradient Matrix SIK for Watt’s chain will be 

 S 12  =   12

1

21
/

 | |
F

FFn

ij

jj





 

  = 

12

261625152414231322122111

F

|F-F||F-F||F-F||F-F||F-F||F-F| 
 

  = 
5

|3-5|  |2.80-4|  |4-6|  |3.33-4|  |0-5|  |5-0| 
 

  = 3.17 

Similarly, other elements of Second Order Gradient Matrix Sik can be calculated and matrix Sik will be generated for 

watt’s Chain. 

Distance Matrix, First Order Gradient Matrix and Second Order Gradient Matrix for all the 6-link, 8-link, 

10-link, 12-link etc. kinematic chain can be calculated. But methodology is explained here with the help of 6-link 

kinematic chain. 
 

(1) For 6-link kinematic chain (Watt’s Chain): 

                                   

 

 

 

                                  

                                                     Fig 4: Watt’s Chain 

Distance Matrix 

 

 

                                         D1  =  (1/3) 

 

 

 

Links A B C D E F 

A 0 4 6 2 6 4  

B 4 0 6 6 10 8 

C 6 6 0 4 8 10 

D 2 6 4 0 4  6 

E 6 10 8 4 0  6 

F 4 8 10 6 6   0 

B 

C E 

F 

2/3 

4/3 

6/3 

4/3 4/3 

6/3 

4/3 

D 

A 
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First Order Gradient Matrix 

 

 

         

                       

                       F1     =  

For ease of comparison, the sum of each row of the matrix is carried out and is represented as the First Gradient 

Link Value (FGLV), of individual link, while the sum of all the elements in the matrix is represented as the First 

Gradient Total Value (FGTV), of the chain. For the Watt’s chain, the link FGLVs are respectively 24.00, 18.13, 

18.13, 24.00, 18.13 and 18.13 while FGTV of the chain is 120.52. 

 

Second Order Gradient Matrix  

 

 

                      

                      S1     =   

 

 

 

 

The above matrix is also square and symmetric. The sum of each row of Second Order Gradient Matrix (Sik) is 

Second Gradient Link Value (SGLV) of the link while the sum of elements of the matrix is Second Gradient Total 

Value (SGTV) of the chain. The SGLVs are 15.95, 14.67, 14.67, 15.95, 14.67 and 14.67 while SGTV of the chain is 

90.58. 

 

(2)  For 6-link kinematic chain (Stephenson’s Chain):    

 

 

 

 

 

                                                         

                                  Fig -5: Stephenson’s Chain 

 

 

Links A B C D E F FGLV 

A 0.00 5.00 4.00 6.00 4.00 5.00 24.00 

B 5.00 0.00 3.33 4.00 2.80 3.00 18.13 

C 4.00 3.33 0.00 5.00 3.00 2.80 18.13 

D 6.00 4.00 5.00 0.00 5.00 4.00 24.00 

E 4.00 2.80 3.00 5.00 0.00 3.33 18.13 

F 5.00 3.00 2.80 4.00 3.33 0.00 18.13 

FGTV 120.52 

Links A B C D E F SGLV 

A 0.00 3.17 3.47 2.67 3.47 3.17 15.95 

B 3.17 0.00 2.72 3.47 2.95 2.36 14.67 

C 3.47 2.72 0.00 3.17 2.36 2.95 14.67 

D 2.67 3.47 3.17 0.00 3.17 3.47 15.95 

E 3.47 2.95 2.36 3.17 0.00 2.72 14.67 

F 3.17 2.36 2.95 3.47 2.72 0.00 14.67 

      SGTV 90.58 

4/3 

4/3 

6/3 

4/3 4/3 

4/3 
4/3 

A 

B 

F 

D 

 

E 
C 
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                                                                        Distance Matrix 

 

 

                     

 

 

 

                                D2  =  (1/3) 

 

 

 

 

 

 

First Order Gradient Matrix 

 

 

          

 

 

                         

                        F2    =  

 

 

 

 

 

 

FGTV on the basis of FGLVs is 122.60, 2(23.40), 2(19.00), 2(18.90). 

 

 

Second Order Gradient Matrix  

 

 

        

 

                    

 

                     S2     =   

 

 

 

 

 

 

 

                                     SGTV on the basis of SGLVs will be 101.86, 2(17.80), 2(15.80), 2(17.33). 

 

 

3. ISOMORPHISM  
 

 Based on the developed first gradient total value and second gradient total value invariants, a two level 

isomorphism detection test rule is proposed as following. 

“If FGTV and SGTV of any two kinematic chains are similar, then they are isomorphic otherwise not.” 

 Detection of probable isomorphism between the chains is an important problem during structural 

synthesis of the chains. A number of attempts have been made in the past to create methods for detecting 

Links A B C D E F 

A 0 4 8 4 10 4 

B 4 0 4 8 8 8 

C 8 4 0 4 4 10  

D 4 8 4 0 8 8 

E 10 8 4 8 0 6 

F 4 8 10 8 6 0 

Links A B C D E F FGLV 

A 0.00 5.50 3.50 5.50 3.40 5.50 23.40 

B 5.50 0.00 5.50 2.00 3.00 3.00 19.00 

C 3.50 5.50 0.00 5.50 5.50 3.40 23.40 

D 5.50 2.00 5.50 0.00 3.00 3.00 19.00 

E 3.40 3.00 5.50 3.00 0.00 4.00 18.90 

F 5.50 3.00 3.40 3.00 4.00 0.00 18.90 

FGTV 122.60 

Links A B C D E F SGLV 

A 0.00 3.53 3.20 3.53 4.50 3.04 17.80 

B 3.53 0.00 3.53 2.00 3.37 3.37 15.80 

C 3.20 3.53 0.00 3.53 3.04 4.50 17.80 

D 3.53 2.00 3.53 0.00 3.37 3.37 15.80 

E 4.50 3.37 3.04 3.37 0.00 3.05 17.33 

F 3.04 3.37 4.50 3.37 3.05 0.00 17.33 

      SGTV 101.86 
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isomorphism. Suggested method is also an attempt in this trend. The proposed method is based on link connectivity. 

Joints are important element of kinematic chains. Very less work is reported with respect to joint based methods for 

detection of isomorphism. The proposed method is simple and involves little mathematical calculations. The method 

is successfully applied to planar kinematic chains of single degree of freedom with six, eight, ten and twelve bar 

links. The examples reported in the earlier works are also tested and the method is found to be working well. 

 We see that FGTV for watt’s (figure-4) and stephenson’s (figure-5) kinematic chain is different, 

therefore these two 6-link kinematic chains are distinctly different and we can say that these kinematic chains are 

non-isomorphic. The same conclusion we are getting when we compare the SGTV of both the 6-link kinematic 

chain. 

 

 

4. SYMMETRY 

 
The number of inversion in any kinematic chain is equal to the no. of links it has, but the number of distinct 

inversion may differ. The symmetry of any kinematic chain is related to the distinct inversion. When any one of the 

link of a kinematic chain is fixed and then distance matrix is prepared accordingly, it is observed from the first order 

gradient matrix and second order gradient matrix, that the link value of all the links may be entirely different or 

some of the links may have identical (same) link value. Then we can say that the links which have same link value 

are in symmetry. The links which are in symmetry gives the same result and have similar behaviour. 

 

4.1 Symmetry for Watt chain (Figure - 4) 

 

Now we know that for Watt chain, link A & D will have the same inversions and link B, C, E & F will have the 

same inversions. For finding symmetry among kinematic links, link A or D is fixed and link B, or C, or E or F is 

fixed simultaneously. 

As shown in figure-6, Firstly the link A of the Watt chain is fixed. Therefore its contribution to the node 

connecting links B and F is neglected. A matrix will be formed showing the distance between links. The 

DISTANCE MATRIX (DM) for Watt chain when link A is fixed can be given as explained in methodology.  

(1) Watt’s chain when link A is fixed –  

 

 

 

 

                                Fig -6: Watt’s chain when link A is fixed 

             Distance Matrix 
 

 

 

                            

 

                            D3    =    (1/3)   

 

 

 

Links A B C D E F 

A 0 3 5 1 5 3  

B 3 0 6 10 14 20  

C 5 6 0 4 8 14 

D 1 10 4 0 4 10  

E 5 14 8 4 0  6 

F 3 20 14 10 6   0 

B 

C E 

F 

1/3 

3/3 

6/3 

4/3 4/3 

6/3 

3/3 

D 

A 

FIXED 
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First Order Gradient Matrix 

 

 

 

                         

                         F3      =    

 

 

 

 

Second Order Gradient Matrix 
 

 

 

                   S3     =      

 

 

 

 

Now it is observed from the first order gradient matrix that – 

The link value of link A = 58.00, B & F = 30.24, C & E = 25.04, D = 38.80 

And from second order gradient matrix –  

The link value of link A =26.01, B & F = 20.74, C & E = 24.56, D = 20.15 

From the above link values it is thus clear that when the link A of the Watt chain is fixed, link B & F will have 

symmetrical behavior because of identical values. Similarly link C & E will have symmetrical behaviour. 

 

Now the link B of the Watt chain is fixed as shown in figure-7. The Distance Matrix for Watt chain when the 

link B is fixed can be given as explained in methodology.  

 
(2) Watt’s chain when link B is fixed – 

 

 

 

 

 

 

                        Fig -7: Watt’s chain when link B is fixed 

 

 

Links A B C D E F FGLVI 

A 0.00 14.0 6.00 18.0 6.00 14.0 58.00 

B 14.0 0.00 5.33 4.40 3.71 2.80 30.24 

C 6.00 5.33 0.00 6.00 4.00 3.71 25.04 

D 18.0 4.40 6.00 0.00 6.00 4.40 38.80 

E 6.00 3.71 4.00 6.00 0.00 5.33 25.04 

F 14.0 2.80 3.71 4.40 5.33 0.00 30.24 

FGTVI 207.36 

Links A B C D E F SGLVI 

A 0.00 3.98 7.49 3.07 7.49 3.98 26.01 

B 3.98 0.00 4.03 3.94 5.63 3.16 20.74 

C 7.49 4.03 0.00 4.60 2.81 5.63 24.56 

D 3.07 3.94 4.60 0.00 4.60 3.94 20.15 

E 7.49 5.63 2.81 4.60 0.00 4.03 24.56 

F 3.98 3.16 5.63 3.94 4.03 0.00 20.74 

      SGTVI 136.76 

 

 

 

FIXED 

B 

C E 

F 

2/3 

4/3 

6/3 

4/3 4/3 

3/3 

1/3 

D 

A 



 Vol-4 Issue-4 2018       IJARIIE-ISSN(O)-2395-4396 

8979 www.ijariie.com 983 

 

Distance Matrix 

 

 

 

               

                 D4    =    (1/3)     

 

 

 

 

First Order Gradient Matrix 

 

 

 

       

       F4     =   

 

 

 

 

Second Order Gradient Matrix 
 

 

 

                S4     =    

 

 

 

 

Now it is observed from the first order gradient matrix that – 

The link value of link A =27.00, B = 26.51, C = 20.80, D = 24.00, E = 19.04 & F = 19.93 

And from second order gradient matrix –  

The link value of link A =16.68, B = 17.04, C = 16.48, D = 16.29, E = 17.46 & F = 16.45 

From the above link values it is thus clear that when the link B of the Watt chain is fixed, No links are 

having symmetrical behaviour. Other links are not required to be fixed as we know that link A & D will have the 

same inversions and link B, C, E & F will also have the same inversions. 

 

 

 

 

Links A B C D E F 

A 0 1 6 2 6 4  

B 1 0 3 3 7 5  

C 6 3 0 4 8 10 

D 2 3 4 0 4  6 

E 6 7 8 4 0  6 

F 4 5 10 6 6   0 

Links A B C D E F FGLVI 

A 0.00 8.00 4.00 6.00 4.00 5.00 27.00 

B 8.00 0.00 6.00 4.00 3.71 4.80 26.51 

C 4.00 6.00 0.00 5.00 3.00 2.80 20.80 

D 6.00 4.00 5.00 0.00 5.00 4.00 24.00 

E 4.00 3.71 3.00 5.00 0.00 3.33 19.04 

F 5.00 4.80 2.80 4.00 3.33 0.00 19.93 

FGTVI 137.28 

Links A B C D E F SGLVI 

A 0.00 2.56 3.55 3.17 3.99 3.41 16.68 

B 2.56 0.00 3.29 3.27 4.55 3.37 17.04 

C 3.55 3.29 0.00 3.44 2.94 3.26 16.48 

D 3.17 3.27 3.44 0.00 2.99 3.42 16.29 

E 3.99 4.55 2.94 2.99 0.00 2.99 17.46 

F 3.41 3.37 3.26 3.42 2.99 0.00 16.45 

      SGTVI 100.04 
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4.2 Symmetry for Stephenson chain (Figure - 5) 

Now we know that for Stephenson chain, link A & C, link B & D and link E & F will have the same inversions. For 

finding symmetry among kinematic links, link A or C is fixed, link B or D is fixed and link E or F is fixed 

simultaneously. 

As shown in figure-8, firstly the link A of the Stephenson chain is fixed. A matrix will be formed showing 

the distance between links. The DISTANCE MATRIX (DM) for Stephenson chain when link A is fixed can be 

given as explained in methodology. 

 

(1) Stephenson’s chain when link A is fixed – 

 

 

 

 

 

 

 

                                  Fig -8: Stephenson’s chain when link A is fixed 

 

          Distance Matrix 

 

 

 

          

                        D5      =      (1/3) 

 

 

 

 

 

First Order Gradient Matrix 
 

 

 

 

              F5       =   

 

 

 

 

 

 

 

Links A B C D E F 

A 0 3 7 3 9 3 

B 3 0 4 8 8 14 

C 7 4 0 4 4 10  

D 3 8 4 0 8 14 

E 9 8 4 8 0 6 

F 3 14 10 14 6 0 

Links A B C D E F FGLVI 

A 0.00 8.67 4.00 8.67 3.78 11.33 36.45 

B 8.67 0.00 6.00 2.00 3.75 3.00 23.42 

C 4.00 6.00 0.00 6.00 5.50 4.60 26.10 

D 8.67 2.00 6.00 0.00 3.75 3.00 23.42 

E 3.78 3.75 5.50 3.75 0.00 6.00 22.78 

F 11.33 3.00 4.60 3.00 6.00 0.00 27.93 

FGTVI 160.10 

3/3 

4/3 

6/3 

4/3 4/3 

3/3 3/3 

A 

B 

F 

D 

 

E 
C 

FIXED 
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Second Order Gradient Matrix 

 

 

  

 

 

                     S5       =   

 

 

 

 

Now it is observed from the first order gradient matrix that – 

The link value of link A = 36.45, B & D = 23.42, C = 26.10, E = 22.78 & F = 27.93 

And from second order gradient matrix –  

The link value of link A = 23.03, B & D = 19.10, C = 21.57, E = 22.58 & F = 20.80 

From the above link values it is thus clear that when the link A of the Stephenson chain is fixed, links B & 

D are having symmetrical behaviour.  

Now the link B of the Stephenson chain is fixed as shown in figure - 9. A matrix will be formed showing 

the distance between links. The DISTANCE MATRIX (DM) for Stephenson chain when link B is fixed can be 

given as explained in methodology. 

 

(2) Stephenson’s chain when link B is fixed – 

  

 

 

 

 

 

 

                     Fig -9: Stephenson’s chain when link B is fixed 

 

               Distance Matrix 
 

 

            

 

                             D6     =     (1/3) 

 

 

 

 

 

 

Links A B C D E F SGLVI 

A 0.00 3.96 5.45 3.96 6.41 3.25 23.03 

B 3.96 0.00 4.00 2.00 4.70 4.44 19.10 

C 5.45 4.00 0.00 4.00 3.11 5.01 21.57 

D 3.96 2.00 4.00 0.00 4.70 4.44 19.10 

E 6.41 4.70 3.11 4.70 0.00 3.66 22.58 

F 3.25 4.44 5.01 4.44 3.66 0.00 20.80 

      SGTVI 126.18 

Links A B C D E F 

A 0 1 8 4 10 4 

B 1 0 1 5 5 5 

C 8 1 0 4 4 10  

D 4 5 4 0 8 8 

E 10 5 4 8 0 6 

F 4 5 10 8 6 0 

4/3 

4/3 

6/3 

4/3 1/3 

4/3 
1/3 A 

B 

F 

D 

 

E 
C 

FIXED 
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First Order Gradient Matrix 

 

 

 

                  F6       =      

 

 

 

 

Second Order Gradient Matrix 
 

 

                      

                     S6        =      

 

 

 

 

Now it is observed from the first order gradient matrix that – 

The link value of link A & C = 33.90, B = 46.80, D = 21.40, E & F = 21.10  

And from second order gradient matrix –  

The link value of link A & C = 22.67, B = 27.61, D = 24.37, E & F = 24.78 

By analyzing the first order gradient matrix and second order gradient matrix, it is thus clear that when the 

link B of the Stephenson chain is fixed, links A & C will have symmetrical behavior and the links E & F will also 

have symmetrical behaviour because of identical values.  

 

Now the link F of the Stephenson chain is fixed as shown in figure - 10. A matrix will be formed showing 

the distance between links. The DISTANCE MATRIX (DM) for Stephenson chain when link F is fixed can be given 

as explained in methodology. 

 

(3) Stephenson’s chain when link F is fixed – 

 

 

 

 

 

 

 

            

                 Fig -10: Stephenson’s chain when link F is fixed 

              

Links A B C D E F FGLVI 

A 0.00 16.0 3.50 5.50 3.40 5.50 33.90 

B 16.0 0.00 16.0 4.40 5.20 5.20 46.80 

C 3.50 16.0 0.00 5.50 5.50 3.40 33.90 

D 5.50 4.40 5.50 0.00 3.00 3.00 21.40 

E 3.40 5.20 5.50 3.00 0.00 4.00 21.10 

F 5.50 5.20 3.40 3.00 4.00 0.00 21.10 

FGTVI 178.20 

Links A B C D E F SGLVI 

A 0.00 2.98 3.20 5.00 6.94 4.55 22.67 

B 2.98 0.00 2.98 7.77 6.94 6.94 27.61 

C 3.20 2.98 0.00 5.00 4.55 6.94 22.67 

D 5.00 7.77 5.00 0.00 3.30 3.30 24.37 

E 6.94 6.94 4.55 3.30 0.00 3.05 24.78 

F 4.55 6.94 6.94 3.30 3.05 0.00 24.78 

      SGTVI 146.88 

4/3 

4/3 
3/3 

4/3 4/3 

1/3 4/3 
A 

B 

F 

D 

 

E 
C 

FIXED 
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             Distance Matrix 

 

 

 

 

                D7     =      (1/3)   

 

 

 

 

        

         First Order Gradient Matrix 

 

 

 

                       F7     =    

 

               

 

 

Second Order Gradient Matrix 
 

 

          

                         S7      =    

 

 

 

 

Now it is observed from the first order gradient matrix that – 

The link value of link A = 32.92, B & D = 21.55, C = 24.18, E = 24.34 & F = 35.70  

And from second order gradient matrix –  

The link value of link A = 23.58, B & D = 20.71, C = 23.32, E = 22.95 & F = 24.29 

By analysing the first order gradient matrix and second order gradient matrix, it is thus clear that when the 

link F of the Stephenson chain is fixed, links B & D will have symmetrical behaviour because of identical values. 

In the similar way the symmetry of 8 - link chain is obtained. The symmetry for 6 - link kinematic chain 

and 8 - link kinematic chain is shown in the table below:  

Table -2: Symmetry in various 6 link kinematic Chains 

  

 

 

 

 

Links A B C D E F 

A 0 4 8 4 12 1 

B 4 0 4 8 8 5 

C 8 4 0 4 4 7  

D 4 8 4 0 8 5 

E 12 8 4 8 0 3 

F 1 5 7 5 3 0 

Links A B C D E F FGLVI 

A 0.00 6.00 3.75 6.00 3.17 14.0 32.92 

B 6.00 0.00 5.50 2.00 3.25 4.80 21.55 

C 3.75 5.50 0.00 5.50 6.00 3.43 24.18 

D 6.00 2.00 5.50 0.00 3.25 4.80 21.55 

E 3.17 3.25 6.00 3.25 0.00 8.67 24.34 

F 14.0 4.80 3.43 4.80 8.67 0.00 35.70 

FGTVI 160.23 

Links A B C D E F SGLVI 

A 0.00 4.51 5.84 4.51 6.13 2.59 23.58 

B 4.51 0.00 3.79 2.00 4.60 5.81 20.71 

C 5.84 3.79 0.00 3.79 3.72 6.18 23.32 

D 4.51 2.00 3.79 0.00 4.60 5.81 20.71 

E 6.13 4.60 3.72 4.60 0.00 3.90 22.95 

F 2.59 5.81 6.18 5.81 3.90 0.00 24.29 

      SGTVI 135.56 

6 link kinematic 

Chains 

Fixed 

Link 

Symmetrical links Total 

symmetry 

Watt Chain A (B, F), (C, E) 2 
B No Symmetrical links 0 

Stephenson chain 
A B & D 1 
B (A, C), (E, F) 2 

F B & D 1 
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5. RESULT 

According to proposed method we can see that both the 6 – link kinematic chains i.e. watt’s chain and stephenson’s 

chain is non isomorphic as the SGTV of both the kinematic chains is different. On the basis of symmetry by using 

second order gradient matrix which discloses flow of magnitude of relative angular acceleration, we can grade that 

the stephenson’s chain is more efficient than the watt’s chain as we have found more symmetrical links in 

stephenson’s chain. In the similar manner we can grade 8-link, 10-link and 12-link kinematic chains. 

 

6. CONCLUSION 

In this report, a very simple, efficient and reliable method is proposed in well organised manner to grade the 

kinematic chains according to their kinematic characteristics. The work performed in the present report deals with 

kinematic synthesis and analysis of mechanisms. Kinematic synthesis generally deals with structural synthesis of 

kinematic chain/ mechanisms. By this method, the grading of mechanisms/ kinematic chains can easily be done. 

This work shows a universal methodology to find out best possible inversion of a structure of simple jointed planar 

kinematic chain. This method can be easily implemented whenever the number of links and degree of freedom 

increases, as well as with some modification it can be suitable for n-number of link and f- number of degree of 

freedom. Such method can also computerize and coding can be developed to reduce time and acquire results faster. 

The structural synthesis of kinematic chains involves studies pertaining to enumeration of all possible 

kinematic chains, distinct inversions and determination of characteristics of kinematic chains based on their 

topology. 

 

7. REFERENCES  

[1]. Bowling Alan and Khatib Oussama “Analysis of the Acceleration Characteristics of Manipulators”, Robotics 

Laboratory, Department of Computer Science, Stanford University Stanford, CA 94305, USA. 

[2]. Kim Yong-yil and Desa Subhas, December 1993 “Definition, determination and characterization of acceleration 

sets for spatial manipulators”, The International Journal of Robotics Research, Vol. 12, No. 6, pp. 572-587. 

[3]. Nigatu Hassen, Singh Ajit Pal and Seid Solomon, 2012 “Acceleration Analysis of 3DOF Parallel Manipulators”, 

Global Journal of Researches in Engineering, Vol. 12, issue 7, version 1.0.   

[4]. Wang Jingguo, Li Yangmin and Zhao Xinhua, 2010 “Inverse Kinematics and Control of a 7-DOF Redundant 

Manipulator Based on the Closed-Loop Algorithm”, International Journal of Advanced Robotic Systems, Vol. 7, 

No. 4 (2010) ISSN 1729‐8806, pp. 1‐10. 

[5]. Cardoso Felipe Costa, Guimarâes Tobias Anderson, Dâmaso Renato de Sousa and Costa Emerson de Sousa, 

2012 “Kinematic and Dynamic Behavior of Articulated Robot Manipulators by Two Bars”, ABCM Symposium 

Series in Mechatronics - Vol. 5, Section VII – Robotics, Page 1132. 

[6]. Dr. Madan S.R., Er. Mahendru Sushant and Er. Mahendru Anjali, June – 2012 “Isomorphism, inversions and 

symmetry in Single degree 8 links 16 kinematic chains using application of fuzzy logic”, International Journal of 

Engineering Research & Technology (IJERT), ISSN: 2278-0181, Vol. 1 Issue 4. 

[7]. Peter Mitrouchev, January-February 2006 “Sub-chain symmetry approach for morphological choice of planar 

mechanisms in robotics”, European Journal of Mechanics - A/Solids, Volume 25, Issue 1, Pages 166-188. 

[8]. Prajapati Purushottam and Shukla Arvind Kumar, July 2016 “Parallelism and Symmetry in Planar Kinematic 

Chains”, International Journal of Innovative Research in Science, Engineering and Technology, Vol. 5, Issue 7. 



 Vol-4 Issue-4 2018       IJARIIE-ISSN(O)-2395-4396 

8979 www.ijariie.com 989 

[9]. Zefran Milos, May 1994 “Review of the Literature on Time-Optimal Control of Robotic Manipulators”, 

University of Pennsylvania Department of Computer and Information Science Technical Report No. MS-CIS-94-30. 

[10]. Munasinghe S. Rohan, Nakamura Masatoshi, Goto Satoru, kyura Nobuhiro, March 2003, “Trajectory Planning 

For Industrial Robot Manipulators Considering Assigned Velocity and Allowance Under Joint Acceleration Limit”, 

International Journal of Control, Automation and systems, Vol. 1, No. 1, pp 68-75. 

[11]. Stilman Mike, Wang Jiuguang, Teeyapan Kasemsit, Marceau Ray, Dec. 2009, “Optimized Control Strategies 

for Wheeled Humanoids and Mobile Manipulators”, IEEE International Conference on Humanoid Robotics. 

[12]. Yoshikawa, T., March 1985, “Dynamic Manipulability of Robot Manipulators”, IEEE International 

Conference on Robotics and Automation, St. Louis, pp. 1033-1038. 

[13]. Khatib, O. and Burdick, J., 1987, “Optimization of Dynamics in Manipulator Design: The Operational Space 

Formulation”,International Journal of Robotics and Automation Vol. 2, No. 2, pp. 90-98. 

[14]. Shukla, Arvind and Sanyal, Shubhashis 2016, “Gradient Method for Identification of Structural Characteristics 

of Planar Kinematic Chains”, Australian  Journal of mechanical engineering, Vol.  

[15]. Dr. A. Srinath, Sanjay Singh, Dr. A. Jagadeesh 2011, “Computerized Generation and Detection of 

Isomorphism in Kinematic Linkages/Planetary Gear Trains” International Journal of Advances in Science and 

Technology, Vol. 2, No.5, pp 19-28. 

 

[16]. Kong, F G, Li, Q, Zhang, W J 1999, “An artificial network approach to mechanism kinematic chain 

isomorphism identification”, Mechanism and Machine Theory, vol. 34, pp. 271–283. 

 

[17]. Hwang, W.M. and Hwang, Y.W., 1992, “Computer- aided structure synthesis of planar kinematic chains with 

simple joints”, Mechanism and Machine Theory, Vol. 27, pp. 189-199. 

  

[18]. Uicker, J.J. and A. Raicu 1975, “A method for the identification and recognition of equivalence of kinematic 

chains”, Mech. Mach. Theory, 10: 375–383. 

[19]. Mruthyunjaya, T.S. and  Raghavan, M.R. 1979, “Structural analysis of kinematic chains and mechanisms 

based on matrix representation”, Transactions of the ASME, Journal of Mechanical Design, 101: 488–494. 

 

[20]. Yan, H. S. and Hall, A. S., 1981, “Linkage characteristic polynomials: definition, coefficients by inspection”, 

Journal of Mechanical Design, vol. 103, pp. 578. 

 

[21]. Rao, A.C., 1988, “Kinematic chains: Isomorphism, inversions, and type of freedom, using the concept of 

Hamming distances”, Indian J. of Tech., 26: 105–109. 

 

[22]. Chu, J. K. and Cao, W. Q. 1992, “Identification of isomorphism of kinematic chains through adjacent-chain 

table”, Proceedings of American Society of Mechanical Engineers Conference, vol.47, pp. 207–210.  

 

[23]. Jongsma, T. J. et al 1992, “An efficient algorithm for finding optimum code under the condition of incident 

degree”, Proceedings of Mechanical Conference, vol. 47, pp. 431–436. 

 

[24]. Jensen, P. W. 1992, “Classical and modern mechanism for engineers and inventors”, Marcel Dekker, New 

York. 

  

[25]. Tischler, C. R., Samuel, A. E. and Hunt, K. H., 1995, “Kinematic chains for robot hands. Orderly number 

synthesis”, Mechanism and Machine theory 35 pp.1193–1215. 

 

[26]. Rao, C. Nageswara and Rao, A. C., 1996, “Selection Of Best Frame, Input And Output Links For Function 

Generators Modelled As Probabilistic Systems” Mech. Mach. Theory Vol. 31, No. 7, pp. 973-983. 

 



 Vol-4 Issue-4 2018       IJARIIE-ISSN(O)-2395-4396 

8979 www.ijariie.com 990 

[27]. Roa, A.C. and Anne, Jagdeesh,, July 1998, “Topology Based Characteristics of Kinematic Chain: Work Space, 

Rigidity, Input-Output and Isomorphism”, Mechanism and Machine Theory, Vol 32, No. 5, pp.625-638. 

  

[28]. Aas, M. and Agrawal,V.P., 1999, “Identification and isomorphism of kinematic chains and mechanisms”. In 

Proceedings of the 11th ISME Conference, 197–202, IIT Delhi, New Delhi. 

 

[29]. Shaia, O. and Preiss, K., 1999, “Graph theory representations of engineering systems and their embedded 

knowledge”, Artificial Intelligence in Engineering 13, pp.273–285. 

 

[30]. Pathapati, V. V. N. R. Prasad Raju and Rao, A. C., 2002, “A New Technique Based on Loops to Investigate 

Displacement Isomorphism in Planetary Gear Trains”, Journal of Mechanical Design, Vol. 124, pp. 662-675. 

 

[31]. Hasan, Ali, Khan, R. A. and Aas, Mohd, 2007, “A new method to detect isomorphism in Kinematic chains”, 

Kathmandu University Journal of Science, Engineering and Technology, Vol. 1, No. III.  

 

[32]. Hasan A., Khan, R. A. and Mohd A., 2007, “Isomorphism in Kinematic Chains Using the Path Matrix”, ISSN 

1177-0422. 

 

[33]. Dr. Hasan, Ali, Prof. Khan, R. A. and Dargar, Ashok Kumar, 2007, “Isomorphism and Inversions of Kinematic 

Chains Up to 10-Links”, 13
th

 National Conference on Mechanisms and Machines. 

 

[34]. Dargar, Ashok, Hasan, Ali and Khan, R. A., 2009 “Identification Of Isomorphism Among Kinematic Chains 

And Inversions Using Link Adjacency Values”, International Journal of Mechanical and Materials Engineering 

(IJMME), Vol. 4, No. 3, 309‐315. 

 

[35]. Dargar, Ashok, Hasan, Ali and Khan, Rasheed Ahmed, 2009, “A method of identification of kinematic chains 

and distinct mechanisms” Computer Assisted Mechanics and Engineering Sciences, 16, 133–141. 

 

[36]. Pipalia, Kartik, Dr. Verma, Anurag and Shah, Satish, 2011 “Identification of Isomorphism in Simple Jointed 

Planar Kinematic Chains by Using Computerize Hamming Method”, National Conference on Recent Trends in 

Engineering & Technology. 

 

[37]. Gambhava, Yagnesh, Dr. Verma, Anurag and daamor, Alpesh, 2011, “Computerize Technique to Find the Best 

Inversion of Given Kinematic Chain in Simple Planar Mechanism”, National Conference on Recent Trends in 

Engineering & Technology. 

 

[38]. Shukla, Arvind and Sanyal, Shubhashis, September 2017, “Gradient method for identification of isomorphism 

of planar kinematic chains”, Australian Journal of Mechanical Engineering, ISSN: 1448-4846.  
 


