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ABSTRACT

The labeling of a graph, we mean assign some integers to the vertices or edges (or both) of the graph. Here the
vertices of the graph are labeled with hexagonal numbers and the edges are labeled with absolute difference of the
end vertex labels. Here the greatest common incidence number of a vertex of degree greater than one is defined as
the g ¢ d of the labels of the incident edges. If the greatest common incidence number of each vertex of degree
greater than one is 1, then the graph admits hexagonal difference prime labeling. Here we characterize Fan graph,
wheel graph, prism graph, umbrella graph and triangular belt for hexagonal difference prime labeling.
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1. INTRODUCTION

In this paper we deal with graphs that are connected, simple, finite and undirected. The symbol V and E denote the
vertex set and edge set of a graph G. The graph whose cardinality of the vertex set is called the order of G, denoted
by p and the cardinality of the edge set is called the size of the graph G, denoted by g. A graph with p vertices and q
edges is called a (p,q)- graph.

A graph labeling is an assignment of integers to the vertices or edges. Some basic notations and definitions
are taken from [2],[3] and [4]. Some basic concepts are taken from [1] and [2]. In this paper we investigated the
hexagonal difference prime labeling of Fan graph, wheel graph, prism graph, umbrella graph and triangular belt.
Definition: 1.1 Let G be a graph with p vertices and q edges. The greatest common incidence number(g c i n) of a
vertex of degree greater than or equal to 2, is the g ¢ d of the labels of the incident edges.

Definition: 1.2 n" hexagonal number is n(2n-1), where n is a positive integer. The hexagonal numbers are 1, 6, 15,
28, 45, 66-------------- .

2. MAIN RESULTS

Definition 2.1 Let G be a graph with p vertices and g edges . Define a bijection

f: V() - {1,6,1528 ,------------------ p(2p-1)} by f(v;) = i(2i — 1) , for every i from 1 to p and define a 1-1
mapping fiap: : E(G) — set of natural numbers N by f,,,,, (uv) = | f(u)-f(v) |. The induced function f, 4, is said to
be hexagonal difference prime labeling, if the g ¢ i n of each vertex of degree at least 2, is one.

Definition 2.2 A graph which admits hexagonal difference prime labeling is called hexagonal difference prime
graph.
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Theorem: 2.1 Fan graph F,, admits hexagonal difference prime labeling, when n-1 is not a multiple of 5 and n < 16.

Proof: LetG=F, and letvy,vy,---------------- V41 are the vertices of G.
Here |[V(G)| = n+land |[E(G)| =2n-1.
Define a function f: V — {1,6,15,28 ,------------------ ,(n+1)(2n+1)} by

f(v)) =i(2i-1) ,i=12,---n+1
For the vertex labeling f, the induced edge labeling f,,, is defined as follows

fi:dpl(vi Vis1) = (4i+1), i=1,2----mmmmmme- n.
frapi (V1 Vis2) = 2i%+7i+5, T N — n-1.
Clearly fyq,, is an injection.

gcinof(vy) =gcdof { fhapi(v1 v2) s frapi(v1 v3) }

=gcdof{5,14}=1.
gecinof(vi) =gcdof{ fap (Vi vie1) s frap(Viss Vis2) 3
=gcdof{(4i+l), (4i+5) } =1, =12, ,n-1.
geinof (Vi) =gcdof{ fapi (V1 Vns1) s frapt(Vn Vns1) }
= gcdof {2n*3n, 4n+1}
=gcdof{2n+3,4n+1}
=gcdof {2n-2, 2n+3 }
=gcdof{2n-2,5}=1.
So, g ¢ d of each vertex of degree greater than one is 1.
When n =16, frapi(V16 V17) = frapi (V1 V6) = 65
So, F, admits hexagonal difference prime labeling up to n=15.
Theorem: 2.2 Wheel graph W, admits hexagonal difference prime labeling, when n-1 is not a multiple of 5 and n <
16.

Proof: LetG=W, and letvy,vy,-------------——-- ,Vn41 are the vertices of G.
Here |V(G)| = n+land |[E(G)| =2n.
Define a function f: V - {1,6,15,28 ,------------------ ,(n+1)(2n+1)} by

f(Vi) = |(2|'1) , i= 1’2’ ______ ,n+l.
For the vertex labeling f, the induced edge labeling f;,4,,; is defined as follows

frap1 (Vi Vis1) = (4i+1), T iy J— n
frapi(V1 Vis2) = 2i%+7i+5, i = 1,2, n-1.
ff:dpl(vz Vns1) = 2n%*+3n-5.

Clearly fp,qp, is an injection.

From Theorem 1, it is clear that g c i n of each vertex of degree greater than one is 1.
When n =16, frap (V16 V17) = frapi (V1 V6) = 65

So, W, admits hexagonal difference prime labeling up to n=15.

Theorem: 2.3 Prism graph Y/, admits hexagonal difference prime labeling, when n is odd.

Proof: LetG=Y, and letvy,Vvy,~-------------—- ,Von are the vertices of G.
Here |[V(G)| = 2nand |[E(G)| =3n.
Define a function f: V — {1,6,15,28 ,------------=----- ,(2n)(4n+1)} by

f(Vi) = i(2i-l) VS — 2n.
For the vertex labeling f, the induced edge labeling fj,4,, is defined as follows

frapt (Vi Vig1) = (4i+1), i=12,----------- ,2n-1.
fi:dpl(vi Vont1-i) = (8n2+6n+1) —2i(4n+1), [Ty ——— n-1.
frapt(v1 vy) = 2n-n-1.

fi:dpl(vn+1 VZn) = 6n%-5n-1.
Clearly fp,qp, is an injection.

gcinof(vy) =gcdof{ frapi(v1 v2) \ frapi(v1 v4) }

=gcdof{5,27}=1.
geinof(vi) =gcdof{ frup (Vi vita) s frapi(Vier Vis2) }

=gcdof{(4i+1), (4i+5) } =1, TSN —— n-1.
gcinof(vy) =1.

So, g ¢ i n of each vertex of degree greater than one is 1.
Hence Y/, admits hexagonal difference prime labeling.
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Theorem: 2.4 Umbrella graph U(n,n), admits hexagonal difference prime labeling, when n+1= 0(mod4) and n =
0(mod4).

Proof: Let G =U(n,n) and let v;,vy,---------------- Vo, are the vertices of G.
Here |V(G)| = 2nand [E(G)| =3n-2.
Define a function f: V — {1,6,15,28 ,------------------ ,(2n)(4n+1)} by

f(v)) = i(2i-1) i =1,2,~-2n,
For the vertex labeling f, the induced edge labeling f,,,, is defined as follows

frapt(Vi Vis1) = (4i+1), i=1,2,-mmmmmmee .2n-1.
frapt(Vns1 Vi) = (2n*+3n+1) — i(2i-1), [ iy R — n-1.

Clearly fyq,, is an injection.

gcinof(vy) =1

g cinof (Vi) =1, I J— 2n-2.

So, g ¢ i n of each vertex of degree greater than one is 1.
Hence U(n,n), admits hexagonal difference prime labeling.
Theorem: 2.5 Triangular belt TB(a), admits hexagonal difference prime labeling.

Proof: LetG = TB(a), where a =(T11T — — — — —— 1) and let vq,Vp,-----------=---- ,Von are the vertices of G.
Here |[V(G)| = 2nand |[E(G)| = 4n-3.
Define a function f: V - {1,6,15,28 ,------------------ ,(2n)(4n+1)} by

f(v;) = i(2i-1) , i = 1,2,------,2n.
For the vertex labeling f, the induced edge labeling f},,,,, is defined as follows

frapt (Vi Vig1) = (4i+1), i=1,2,---mmme- ,2n-1.
frapt(V2i-1 V2i41) = 16i-2, i=1,2--------- n-1.
frapt(V2i V2i42) = 1646, Ty — n-1.
Clearly f,qp; is an injection.
gcinof(vy) =gcdof{ fhapi(v1 v2) \ frap(v1 v3) }
=gcdof{5, 14}=1.
gcinof(viy) =1, Iy R —— 2n-2.
g cinof (va) =g cdof{ frapi(Wan-1V2n) » frapt(Van—-2 V2n) }

=gcd of {8n-3, 16n-10}
=gcdof{8n-7,8n-3}
=gcdof{4, 8n-7}
=gcdof{1,4}=1
So, g ¢ i n of each vertex of degree greater than one is 1.
Hence TB(a), admits hexagonal difference prime labeling.

4. CONCLUSIONS

In this paper we used the concept “greatest common incidence number” of a vertex introduced by us to develop the
concept hexagonal difference prime labeling. Here we proved that some graphs admit hexagonal difference prime
labeling.

5. REFERENCES

[1]. Apostol. Tom M, Introduction to Analytic Number Theory, Narosa, 1998.

[2]. F Harary, Graph Theory, Addison-Wesley,Reading, Mass, (1972)

[3]. Joseph A Gallian, A Dynamic Survey of Graph Labeling, The Electronic Journal of Combinatorics(2016),
#DS6, pp 1 — 408.

[4]. T K Mathew Varkey, 2000, Some Graph Theoretic Generations Associated with Graph Labeling, PhD Thesis,
University of Kerala.

5631 Www.ijariie.com 3056



