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ABSTRACT

Legendre’s polynomial is an important part of differential equation which divide in to two parts, they are first kind and
second kind, these concepts explain by Legendre’s equation. Here we will discuss about Legendre’s equation,
Legendre’s polynomial and generating function for Legendre’s polynomials.
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1. Introduction

The Legendre differential equation arises in problems such as the flow of an ideal fluid past a sphere, the
determination of the electric field due to a charged sphere, and the determination of the temperature distribution in a
sphere given its surface temperature.

Here we explained Legendre’s equation in second section, in third section, polynomial of Legendre
illustrated and in fourth section, we discussed about generating function and orthogonal property of Legendre
polynomial [2].

2. Legendre’s equation
g q

The differential equgtion of the form (1 — x?)y"” — 2xy’ + n(n + D)y = 0 -+ -+ - (1) iscalled
Legendre’s differential or simply Legendre’s equation, where n is a constant.[3].

We now solve (1) in series of descending power of x. Let the series solution of (1) be
by W where CHFEQeeenee 2
leferentlatlng (2) and then putting the values of y, y’ and y" into (1), we have

(1-x%) Z Cm(k —m)(k —m — 1)x*k™m"2 — 2x Z Cm(k —m)x*™ 1+ n(n + 1) Z Cpx®™ =0 (or)

m=0 m=0 m=0
[oe]

D el —m)(k —m— k2 = 3 6 (k= m)e —m = 1)+ 20k = m) = n(n + D} = 0+ (3)

m=0 m=0

Now, (k—m)(k—m—1)+2(k—m)—nn+1)
=tk-mP’-(CGk-m+2kk-m)—-nn+1D)=k-m?-n>+k-m)—n
=k-m+n)k—-m-n)+k-m-n)=k-m—-n)k—m+n+1).

Hence (3) may be re-write as

ZCm(k m)(k — m—1)x"m2—2cm(k m—n)k—m+n+Dxkm =00 @)

m=0 m=0
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(4) isan identity. To get the indicial equation, we equate to zero the coefficient of the highest power of x, namely
x* in (4) and optain c,(k —m)(k+n+1)=0 (or) (k—m)(k+n+1)=0 as cyg# 0reeeeee (5)

So the root of (5) are k = n,—(n + 1). They are unequal and differ by an integer. The next lower power of x is
k — 1. So we equate to zero the coefficient of x*~* in (4) and obtain

qk—1-—n)k+n) =0 (6)

For k=n and —(n+ 1), neither (k—1—n) nor (k+mn) is zero. So from (6), ¢, = 0. Finally,
equating to zero the coefficient of x*~™ in (4), we have
Cmak—m+2)(k—m+1)—c (k—m—-n)k—m+n+1)=0
(k—m+2)(k—m+1)

mZk—m-mk-mt+nt+tn ™2 7
Putting m = 3,5,7, ... in (7) and noting that ¢; = 0, we have
C1=C3=C5=C7="'=0. ......... (8)
wich hold good for both k =n and k = —(n + 1).
To obtain ¢, ¢, cg, ... €tc, we consider two cases
(n-m+2)(n-m+1)
Casel. When k = n. Then, (7) become c,, = TG Cm2 e 9
Putting m = 2,4,6, ... in (9), we have
nn—1) n—2)(n—13) nn—1)mn—2)(n—3)
2T “T T 42n—3) 2T 2.4-Zn-1D@2n-3) "
And so on. Re-write (2), we have for k = n
y=cCox"+ x4 ox™ 2 +cgx™ B bt e (10)

Using (8) and the above values of c,, c,, c, ...etc., (10) becomes (after replacing ¢, by a)

-1 1 2 3
y=al|x"— Mx”‘z aF n(n - )(n )n ) - (11)
22n—-1) 2 4-2n—1)(2n-3) "
i B _ (um-1)utm)
Casell. When k = —(n + 1). Then, (7) becomes c,, = i Gneman) Cmez ..(12)
Putting m = 2, 4,6, ... in (12), we have
. (m+1DH(n+2) . (@+3)(n+4) nr+DO+2)(n+3)(n+4)
2T T T 0n+3) @ 4T T 4@n+s5) 2 2. 4-2n+3)@2n+5) O
and soon. For k = —(n+ 1), (2) gives
Yy=CoXx " x4 M o x M o S 4+ (13)
Using (8) and above values of c,, ¢, cg, ... €tc., (13) becomes
y=bl|xmi— n+1)(n+2) U nm+1Dm+2)(n+3)(n+4) (14
22n +3) 2-4-2n+3)(2n+5)
Thus, two independent solution of of (1) are given by (11) and (14). Ifwetake a =[1-3-5 - anl, the

solution (11) is denoted by p, (x) and is called Legendre’s function of the first kind or Legendre’s polynomial of
degree n. Notice that (11) is terminating series and so it gives rise to a polynomial of degree n. Thus p, (x) is a

solution of (1), Again, if we take b = m the solution (14) isdenoted by Q,(x) and is called Legendre’s

function of the second kind. Since n is positive integer, (14) is an infinite or non-terminating series and hence
Q,,(x) is not a polynomial. Thus p, (x) and Q,,(x) are two linearly independent solution of (1). Hence the general
solution of (1) is y = Ap, (x) + BQ,(x), where A and B are arbitrary constants. . .........(15)

Remark 1. When there is no confusing regarding the variable x, we shall use a shorter notation P, for
pn(x) and p;, for d”"(") , Qn for Q,(x) and Q;, for —— dQn(x) otc

2.1 Another form of Legendre’s polynomial p,,(x)
Legender’s polynomial of degree n is denoted and define by
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_135..-C2n-1) [ 4, nn-1) ,_ o nn-1)(n-2)(n-3) ,_4
Pn(x) = | [x ~ 2@non Za@n-D@n-3) —](1)
We now re-write (1) in a compact form. The general term of polynomial (1) is given by
1-3-5-...(2n—-1) ( 1)r nn-1)..(n-2r+1) n—2r (2)
n! 2:42r(2n-1)(2n-3)..2n-2r+1) - T
1-3:5-...(2n-1)-2n (2n)! (2n)! (2n)!
Now, 1-3-5-...2n—1) = 246.2n (2D@2)(23).(2n) 2123 .on 2mp T 3
nn-1)(n-2r+1)(n-2r)(n-2r-1)..3-2:1 _ n!

Also, n(n —1)....(n = 2r +1) = (n—2r)(n-2r-1)-..-3-2-1 ~ (n-2r)
And 2:4-6..2r=2-1)2-2)2-3)..2-r)=2"-r!.......(5)

. _ (@n)(2n-1)(2n-3)..2n-2r+2)(2n—-2r+1) (2n-2r)!
Finally, 2n —1)(2n—=3)..@n-r+1) = (2n)(2n-2)(2n—-4)..2n—2r+2) (2n—2m)!

_ 2n)2n—-1)2n-3)..2n—-2r+2)2n—-2r+1)2n-2r)2n—-2r—-1)..3-2-1
B 2-n-2n—1D(n-2)..2(n—r+1)2n — 2r)!

_ (2n)! _ (2n)! (r) 1) 321
T 2ta(n-D(n-2)..(n-r+1)@n-2r)! _ 2"@n-2r)! " nnm-1)(n-2)..a-r)(n-r-1)..3-2-1
S _lm o

2n(2n—-2r)! FYREERRR

Using (3), (4), (5) and (6), the general term (2) becomes

! n! 9 1 9 2"(2n — 2r)in!
! (n=2r)! 2rt @2n)!(n—-r)!
ie = (L)l o 7

2 ri(n—-r)!(n—2r)!

n—2r

Since (1) is polynomial of degree n, r must be chosen so that n — 2r = 0, i.e., r < g
Thus, if n is even, rgoes from 0 to %n while if n isodd r goes from 0 to %(n — 1); that is, for the complete
polynomial (1), r goes from 0 to [%n],where

n
171 2’
zd=1a- 3

Hence the Legendre’s polynomial of degree nis glven by

, (2n — 27)! o
() = Z( 1) I CE DN S 8) [5].

3. Kinds of Legendre’s function. here is two kind of Legendre’s function as follows:
3.1 Legendre’s function of the first kind or Legendre’s polynomial of degree n.
the solution of Legendre’s equation is called Legendre’s function When n is positive integer and

M the solution (11) is denoted by p, (x) andis called Legendre’s function of the first kind.
_1-3.5(2n-1) _ nn-1) ,_o , nn-1)n-2)(n-3) ,_4 .
pn(x) - [ 2(2n-1) 2-4-(2n—1)(2n-3) ] """"" @

pn(x) aterminating series and gives what are called Legendre’s polynomials for different values of n. We can write
[n] ( )r (2n-2r)!

n-2r
2Tri(n-r)!(n-2r)! x Where

n e
[2] n_i, if n=2k-1 s

3.2 Legendre’s function of the second Kind. Thls is denoted and define by
_ n! [X_(n+1) (n+1)(n+2) ~(n+3) 4 nn+1)(n+2)(n+3)(n+4) x-(+5) 4. ]
Y= 1-3-5-..-(2n+1) 2(2n+3) 2-4-(2n+3)(2n+5)

Example 3.2.1if n=10,1,2,3,4 and 5 inresult (1), then find py(x), p,(x), p,(x), p3(x), p.(x) and ps(x)
Soluution.

pO(x) = éxo =1 )

pn(x) =
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13102 21 0] J1(zu2
P () = 2 [x? - Zx0] = 2322 - 1),
pg(x)—is x —jix] 2 (5x% - 30),
1357 4-3 4:3:2-1 1
pa(x) = [x4——7 2 mx°]=—(35x4—30x2+3) and
1-3-5:7-9 S_E 3 5-4-3-2:1 1 1 _
ps(x)——[ 242 + 2220 1] = 1 (6315 — 7027 + 15%).

Example 3.2.2 Express 2 — 3x + 4x? in terms of Legendre’s polynomials.
[2p2(x)+1]

Solution. We have 1 = p,(x), p;(x) = x, p,(x) = %(3x2 —-1)=>x%*= e [€h)
Now, 2 — 3x + 4x% = 2p,(x) — 3p,(x) + g X [2p,(x) + 1], by (1)

= 2o (%) — 3Py () + 2 X P, (%) + 2 X po (%)

= ? X po(x) — 3p; (x) +§X p2(x)

Example 3.2.3 Express x* + 2x3 + 2x? —x — 3 in terms of Legendre’s polynomials.
Solutio. We have

pO(x) = 11

p:(x) = x,

p,(x) == (3x% — 1),
ps(x) = %(Sx3 — 3x) and

1
p.(x) = 5(35x4 —30x% + 3).

=>x4=£><p(x)+6><x —i ......... @))
35" 35’
x3 =§p3(x) +5x, ......... )
12 =2 X Py () + 5 o (3)
x=p;(x) and 1 = py(x) ... ... ... 4)

Now, x4+2x3+2x2—x—3=x4+2x3+2x2—x—3+2[3p3(x)+§x]+2x2—x—3

=§P4(x)+ Ps(x)+—x +ix -

5 35,
= %pzt(x) + 5P3(x) += - [3 X py(x) + 3] + 5P1( x) —E

Using (2),(3) and (4) we get
8 1 224
= 2200 + 25+ 57 X o () + 211 () — 1oz Po(®)

4, Generating for Legendre polynomials.

1
Theorem 4.1. Tshow that (1 — 2xz + z2) 7z = X5, z"p, (), |x] <1,  |z] < 1 or to show that p, (x) is the
1
coefficient of z™ in the exapansion of (1 — 2xz + z2)72 in assending powers of z.

1
Note: (1 — 2xz + z2)7z is called generating function for Legendre polynomial p,, (x)
Proof: Since |z| <1 and |x| < 1, we have

(1-2xz+ zz)_% =[1-z(2x— Z)]_%

=1 +%Z(2x—Z)+£Z2(2X—Z)2 +---+ﬂ =12 — )t 4 22 ooy (@)

~(2n-2) 2:4-..-2n
. . nin 13-.-(2n-1) . n_13 ~(2n-1) n _ _13..@n- )27 1 _13..@Gn-1) g
Now, the coefficient of z"in a2 (2x — 2) —24 (2x) DT D 2 2" - x
~(2n-1)
ZT X" 2)
n i 1:3-.-(2n-3) g1 ne1 _  13-.-(2n-3) o n—2
Again, the coefficient of z" in —(Zn 3 (2x — 2) —(2_1)(2_2)_____2(n_1){ (n—1)(2x)"?%}
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_ 13-..(2n-3) (2n-1) n
T 2n123...(n-1) n (2n-1)
1-3-...-2n—-1) n(n—-1
( ) ) X2 3)
n! 2(2n—-1)

1
And so on. Using (2) and (3) ... We see that the coefficient of z" in the expansion of (1 — 2xz + z2)"2 namely

(1) is given by 1'3'5512,”_1) [x" — D) yn-z y R DDM73) g ] i.e., p,(x), by definition of Legendre
polynomial.

[(n — 1)2""2 x x™ — 2], on multiplying and dividing by 2"~

2(2n-1) 2:4-(2n-1)(2n-3)

1
We find that p; (x), p,(x), ... will be the coefficient of z,z2, ... in the expansion of (1 — 2xz + z2)=.
1
Thuse, we may write (1 —2xz +2z%2)"2 = 1+ zp,(x) + z%p,(x) + -+ z"p,,(x) + --- or

1
(1—=2xz+2z2)72 =32, 2z"p, ().
Example 4.1 prove that:

1 1 (1+ sin=6)
1+ >p1(cos) + 7 py(cos6) + - =log |——2—
2 3 sin> 0
1
Solution. From the generating function, (1 — 2xz + 2z%)72 = X2 2"p,, (%) wou vev e (1)

Integrating (1) w.r.t z from 0 to 1,

> [t~ [ e

Z X)az = ———
7=0"0 o5 0 1—2xz + z2
Replacing x by cosf on both sides, (2) gives

d 1 1
cosf fz"dz=J —_—
nZ:pn( ) 0 V1-—2xz + z2

35 pa(c0s0) [ = f 2

0 \/[(z—c0s6)%+sin20]
or Y p"n(wse = [log{ (z — cosB) ++/[(z — cosB)? + smze]}]
= log{(l —cos0) ++/[(1 — cosB)? + smze]} —log(1 — cos6)
= log{(l —cos8) + M} —log(1 — cos0)
(1 — cos8) + V2v/1—cos @ V(1 = cos6)y/(1 — cosh) ++/2v1 — cos B

= lo l
g 1 - cosf V(1 — cosh)y/(1 — cosh)

o)+ _ /(ZSin2§9)+\/7 (1 +sin6)

= log = log —
v (1 = cosB) ,(2 sin? ; 0 sm;B

L1

po(cosh) 1 (1 +sin=6)

A T 2 pl(COSQ) + = pz (cosB) + ---=log —sinl;
2

Or
1 1 1+ sin- 0)
1+ =p,(cosh) + =p,(cosh) + -+ =log——2—
2 3 sin;@
Example 4.2 Prove that:
O =1
(i) - pa (=1 = (D"

(iii) - p, (1) = %n(n +1).

(iv) - Ph(=1) = (~1)"1 x %n(n L.

12381 www.ijariie.com 1025



Vol-6 Issue-4 2020 IJARIIE-ISSN(O)-2395-4396

(@) - Pu(=x) = (=1)"p, (x). Deduce p,(-1) = ()" .
Solution. The generating function formulais (1 — 2xz +z2) 7z = 2%, z"p, (%), Ix| < 1, lz| <1...... )
part (i)- Putting x =1 in (1), we get

1
(1-2z+2z1)2z2=3202"p,(1), or (1 —2)"1t =X, z"p,(1).

Since |z| < 1, the binomial theorem can be used for expansion of (1 —z)~1.

[oe]

1—z4+2z2—+(—-D)"z"+ - = Z 2", (D). v e . (2)
n=0
Equating the coefficient of z™ from both sides, (2) gives p,(1) =1

Part (ii)- Putting x = —1 in (1), we have as before

1
A+2z4+2)z2=322"p,(—1), or 1 —2)' =32 z"p,(—1).
Or 1-z4+2z%2— -+ (D)"2"+ - =32 1 2"p, (—1). o e .. (3)
Equating the coefficient of z™ from both sides, (3) gives p,(—1) = (—1)™.

Part(iii) - Since p, (x) satisfies Legendre’s equation (1 — x2)y"" — 2xy’ + n(n + 1)y = 0, we get
(1 —x®)p)} (x) — 2xp;), (x) + n(n + Dp,(x) =0........... @)
Putting x = 1 in (4) and using p, (1) = 1, we get

0—2p;,(1) +n(n +1) = 0 or py(1) = >n(n + 1).

Part (iv). Putting x = —1 in (4) and using p,,(—1) = (—1)", we get
0+2p (D) +n(+ DD =0 o p(-1) = —(-1)" xzn(n + 1),
Or pp(-1) = (=1 = (="' x %n(n +1) [+ -D"=-CD"'(-D =D

Part (v). Replace x by -x in (1), (1 + 2xz +zz)_% =2 02" (=) e 5)
Next, replacing z by -z in (1), (1 + 2xz + zz)'% =22 o (—2)"pr () e (6)
From (5) and (6), Y 02" Py (=) = X o (—2) " (X)) e (7)
Equating the coefficients of z™ from both sides of (7), we get

Pp(=x) = (=D)"p,, (x) .. e e ... (8)

Deduction. Replace x by 1 and noting that p, (1) = 1, (8) gives p,(—1) = (-1D"

Note. When n is odd, (—1)" = —1 and so (8) becomes p,,(—x) = —p,, (x). Thus, p,(x) isan odd function of x
when n is odd. Similarly, p, (x) isan even function of x when n iseven [1].

Orhogonal property 4.1. If p,,, and p,, are legendre polynomials,
f_ll PP, (X)dx =0 if m#n and f_ll p2(x)dx =
Proof 1. Equation (1 —x?)y" —2xy’ + n(n + 1)y = 0 can be written as

2
2n+1

if m=n

d
el (e x*)py]l = —n(n+ Dp,

d
2 [ =2yl = —m(m + Dpp,
Multiply the first relation by p,, and the second relation by p,, and subtract the resulting expressions. Hence, we get

d ! !
ix [((1- xz)(pmpn - pnpm)] =[mm+1) —nn+ 1)]Pan-
Now, integrate between the limits —1 and 1. The conclusion follows.
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The equation f_ll Pm ()P ()dx = 0 if m #n stisfied by p,, p,,, m # n is called orthogonal relation for p,,
with weight 1. Therefore legendre polynomial form an orthogonal set of function with weight function unity on
[—1,1]. The orthogonal property of p,, is crucially used in the expansion of given function g defined and continuous
on [—1,1] in terms of p,,.

Proof 2. Let us denote V = (x? — 1) then,
fl 2( )d _fl( 1 >2 dn V( )( 1 )2 dn V( )
1p" xax= \nl2n) dxn ) @

Let us evaluate the integral given below.

1 dn dn
I = '
| VO V@)

Note thate
V(1) =v™(@1) =0,if 0<m<n

We successively integrate by parts the integral I and get

1 dZn 1
I =J [WV(x)] (—D™V(x)dx = (Zn)!j (1 — x?)"dx.
-1 —7%
With the help of the transformation ¢ = cosf@ and using the formula for fofsinm 0do6, we arrive at

1
2
2 —
len(x)dx 1 [5]. ]

Conclusion
In this article we explained the concept of notion of legendre’s equation, first and second kind of legendre
polynomial, generating function and orthogonal property which are important in applied mathemtics field.
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