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ABSTRACT

The paper considers a class of additive neural networks where the neuron activations are modelled by
discontinuous functions or by continuous non-lipschitz functions. Some tools are developed which enable us to apply
a Lyapunov-like approach to differential equations with discontinuous right-hand side modelling the neural network
dynamics. The tools include a chain rule for computing the time derivative along the neural network solutions of a
non differentiable Lyapunov function, and a comparison principal for this time derivative, which yields conditions
for exponential convergence or convergence in finite time. By means of Lyapunov-like approach, a general result is
proved on global exponential convergence toward a unique equilibrium point of the neural network solutions,
Moreover, new results on global convergence in finite time are established, which are applicable to neuron
activations with jump discontinuities, or neuron activations modelled by means of continuous (non-Lipschitz)
Holder functions.
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1. GLOBAL EXPONENTIAL CONVERGENCE
INTRODUCTION

We address global exponential convergence toward a unique equilibrium point of the state solution of
E=BX+TgX) + 1 (1.2)

Let § be an equilibrium point of (1.1), with corresponding output equilibrium point . We find it useful to
consider the change of variables z = x —§ , which transform (1.1) into the differential equation

2= BZ 4 TG(E) oo (1.2)
Where Gz} = g(z + £} — n. If g € Il. then we also have & € I

Note that (1.2) has an equilibrium point , and a corresponding output equilibrium point, which are both located at the
origin. If z(t). t = 0. is a solution of (1.2), then we denote by
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¥O(£) = T L(E(E) — Bz(£)) € 6 [(Z(E) )] coorrrrrrrrrrrnnee (1.3)

the output solution of (1.2) corresponding to z(t}. which is defined for almost all ¢ = 0.

DEFINITION: 1

We say that matrix 4 £ E™" is Lyapunov Diagonally Stable (LDS),
if there exists a positive definite diagonal matrix & = diag(ey, . . . , &), such that (1/2)(zA +AT &) is positive
definite.

Suppose that —T ELDS and, as in [1] consider for (1.2) the (candidate) Lyapunov function

v(2) = By 224208 [ G (P)A P v (1.4)

where ¢ > 0 is a constant, and @ = diag(z4, . . ., &) IS a positive definite diagonal matrix such that
(1/2)(a(-T ) + (-T 37 ) is positive definite.

THEOREM :1

Suppose that g € Zand that —T £ LD5. Let z(t), t = 0, be any solution of (1.2),
and v(t) = Viz{t}), t =0. Then,
we have

¥ (t) = Vv(t), for almost all. t =0
where by, = min;_y2_m{bi } >0,
and hence )
0 < w(t) = v(0)e ™.t =0
i.e., #(t} converges exponentially to 0 with convergence rate ;.
Furthermore,
we have
Zme

()l = \Bpw(0) @72 " £ 2 0 i eeeeene e (1.5)

Proof

We start by observing that, since each &; is monotone non-decreasing and 0 £ o[(; (0)], it easily follows
that for any z;£ & we have

0= [ G(o)dp S %5 VE € T8 [Gi(Z) ] emroesssiiorsssiiionn (1.6)

Let z(t) t = 0, be any solution of (1.2) hence z(t) is absolutely continuous on any compact interval of [0,+%2).Since
V is regular at any z(t), it is possible to apply chain rule property

[Suppose that V' satisfies Function V(x): B" — R is:
(i) Regular in B";
(i) positive definite, i.e, we have V{x) = 0 for x = 0, and V{0) = 0
(iii) radially unbounded, i.e., V(x) = + as llxll = +oo

and that x(£) : [0, +c2) —= B" is absolutely continuous on any compact interval of [0, +22).
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Then,x(£) and V x(t) : [0, +o2) — R are differentiable for almost all ¢ & [0, +2) , and we have
Lv(x®) = (6. 2(0) ¥ie V(xe))]
From above we get #(t) = ({,2(£)) ¥ e aV(z(E)) o, (1.7)

Below, we extend the argument used in the proof of [1, Theorem 2] in order to prove by means of [2, property 3]
that z(t} is exponentially convergent to 0.

By evaluating the scalar product in (1.7), it has been proved in [1,App. 1V] that there exists 4 = 0 such that for
almostall ¢t = 0

We have
5(t) = -z P = IB~*2() I = Ally *(EMI* + 2c27 (£} aBy ()

< —lzZGIE + 2627 (OGBYOIE oovrreresrssssiresiten (L8)
Now, note from (16) it follows that

2ezT (E)aBy () = -2cE7; o byzpvf (E)
Lo T T R oL (3 1 = O (1.9)
Hence, we obtain

vt

1A

— X 27 (E) -2cE oy bz (E)

< —bp(Eh; 2 (0 4265 oy 3 G dp < 0.
For almost all. t = 0. By applying [2,property 3], we conclude that

v(t) < v(0)e~ "™ for all t= 0.

Since a; = [, and the graph of &; is contained in the first and third quadrant,
we have
il
a; f, G (e dp = 0.
For all z; € R. Therefore,

V) =Tk, = 2F 4208 o Jy G () dp

1 4 i -
= EL%—‘zf z - lI=II2

The result on exponential convergence of x (£} to 0 thus follows from (4) of [2, property 3]

2. GLOBAL CONVERGENCE IN FINITE TIME

2.1 LD5 — matrices

Suppose that —T € LDS, and consider for (1.2) the Lyapunov function ¥ defined in (1.4). Let
8, = {iell, ... ..n}: G; is discontinuous at z; = 0}
And &, = {1 n}/ fp.

In the next theorem we establish a result on global convergence in finite time of the state and output solutions of
1.2).
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THEOREM 2

Suppose that g € [, and that —T £ LI)5. Moreover,
suppose that for any i € #; we have &;(0%) =0and &(07) <0, while forany i € &;
there exist &; k;, ki = 0, u; € (0.1} and uf = (0.1} such that
Elpl% = |G ()| = K7 ol lpl <8 oo, (2.0)

Furthermore , suppose that

e :max[EE.:{l:r'[:__ F<l e (2.1)
Let z(tLt =0, be any solution of (1.2), and #(t} = Viz(t)Lt = 0.
Moreover ,let ¥ " (t), for almost all, t=0, be the output solution of (1.2) corresponding to z(t).
Then , there exists £z =0 such that we have

B(t) = -Qu* (t), for almost all. t = £;

Where u E[up,1) and Q:=0.as a consequence, we have
Vigy =0, iz ty

() =0, LA

(1) =0, foralmostall. t = t,
Where

A—p
17 [TE)

gi-u

-+

g
i.e.,v(t),z(t), and 3°(t) converge to zero in finite time t,

proof

We need the following additional notations.

Since - T & LD, there exists & = diag(&y. «ve v v &y L Where ey =0 fori = 1,........ .,
such that (1/2)(a(—T2) + (—T)7 &} is positive definite.
Let

Gy = max[Egc{n:[} =10

We also define

Kp =mingg {K3} >0, pj=min g {uf}=z0 .

Forany i £ &, we let

m; = min{—G;(07), G, (0%)} = 0.
Since & has a finite number of discontinuities in any compact interval of E. for any i € & there exist
&; € (0.1] such that G; is a continuous function in [-5;.0)U (0. &:]. Forany i £ 6
we define
K = supye g, 50 UG (0) 1} = max{-G;(-8,). G (6)} = 0. and

we let
K = max{ES, .. KT} =0,
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Finally, we get

& = min ]1, min{8,.8, o ee
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. (mi]ﬁ
Gy pomingl — = 0.
8 | WKy

We are now in a position to address the theorem proof, It is seen from (1.5) that for

-.'E;'.‘-!l"':[-‘:']

t:?i'S:_Llﬂ
B g

We have z(t) € [—4.&]" Since by definition & € (0,11, then for t = £z we also have lz;(t)IP2 =

any py.pp = 0 suchthat iy = pq.

For t = tz. let

Pty ={iel,...n:z(t) =0}, 6;(t) =6 \P(t), &5 =6 \P(t)
Forany i € p(t), we have |y2(£)| = 0 = z:(#), while for any £ 8

we have

lr2e)] =6, (z®)] = Kz %

Moreover, for any i € &, (t)

We obtain m; = |32(t)| =

|G[{Z[{£]}| = f{[+.

Suppose that (£} is differential at £ = £z,

Then, from (1.8) and (1.9) we have
50 < -2l @IF = -2 Y [Pl
i=1

= -4 (Eisﬂgitjgl': |z (£} 1% + E[Eagmmf)

=

—AKR Zi gzl 1™ + Ty g2 ymi)

— AR (Zpegzin |z ) 1 + B e :—n] (2.3)

Let pe(0.1}. Since z;(t) = &;, we obtain
[
vE(E) = (2T (DB 2(t) + 20 X% a; i*° Gi(p)dp ¥

= ':Eis:sljh

=

|z
_{ELEr'r“ Lﬁ,_

le. &2 ]

+ ?CElErlﬁu -I.. G{'D:] d.'g:]'u

le ]2 Ffeal] |z (el

gt + 20T emaiky KipMdp+2eTi ey K dp)

Ir‘ll lzzim ™
ze ELEE*‘ oy H+ l1_+ e + 2c E[:E [t L5 H |Z {t:]l:]u

Since (a+ b)* =a* + b* fora.b = Oand u € (0.1),

we have

|2 |E"‘||
vi(t) < Eis;m :

+(20)* Ziegp |r‘|( ERE_J Iz, () M AT +E g e (e 12, (6D 14,

Recall that ui = 1, hence 2u = u(1 + uf)and being |z ()l = & = 1,

it follows that lz;(£)1** =
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Therefore,

|g|ﬂ|HI
u{t:] '::‘ Elcﬂ s :

R - i B
E |_g|:|_r"_'l|lJ ;rn‘HﬁM
-+ i85t

ROL+ps +n il
E:l1':l 1+ 0 ) E[EEE_':I‘le[{t:] | +{ 2o Ky ) El:ﬂ Iﬂlz (Fa]!

. B
1 I gy ) + 1
E (E + (ﬁ) ] E[Eﬂ'_f':fjlz[{t:] |.u.1+.ﬂ|_:l + (E'l‘ {2!’: ﬂm-ﬁ,}::]'u]z[fﬂ;[ﬂlz[ l:t:] |_ﬂ
If u € [y, 1), then from (2.1)

it follows that u(1 + uf) = 2u; and hence
2 Ko B —
v < (ﬁ+ (225 ) 5 gl 12 4 (ﬁ+ (2o K3 ) T gz ol (D14
= (E‘l‘ {Eﬂﬂmﬁﬁju] ks {Eisﬂl_fiﬂlz[{ﬂ |:'u': + Eiggﬁ'ﬂlz[{ﬂlu)
Where we have taken into account that (2ca, Kz / (1 + uh) = Qoo Kf)

Now let us show that for any i € 8, we have lz;(£}|* = m?/K?

There are the following two possibilities

(@) m?/KZ = 1. In this case, since lz;(t)] = & = 1 we have lz;(£)|* = 1 ::

-u

:!u

2
(b)m? /K7, = 1.Then by the definition of & we have |z;(£)|* = 6# = { ) Mo

aia

L,

Where we have considered that u/ i = 1

Therefore, from (2.4) we have

P20 < (Ln + Qoank ) % (Bupzalz: OF5 4 Tyypay )

Egs. (2.3) and (2.5) thus yield

) € —AKE (Tiegziolz @1 + 5y gy oF)

- Ak

1 i m?
Y (ﬁ"’ Q"“M*‘f}u] % (Eisa;ir:u l=z; (£} 14 + E[;E‘fﬂ_-)

R, S

'J —+(2 CopgHpy |

In conclusion, we have shown that a.a t = tz we have v(z)

— Q 'l:.u I:t:]
Where
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.U[';‘;.‘
Q== e 0
E"' ':EEEI:,IK_.IE.:]-

By applying the result in point (b) of[2, property 4], we obtain that v{t) = 0 and z(t) = 0 for t = 5, where

- vt TRty
b= tet L, e 2.7)

And £z is given in (2.2). Finally, (1.3) implies that (£} = 0 for almost all £ = t;.

CONCLUSION

The paper has proved results on global exponential convergence toward a unique equilibrium point, and global
convergence in finite time, for a class of additive neural networks possessing discontinuous neuron activations or
continuous non-Lipschitz neuron activations. The results are of potential interest in view of the neural network
applications for solving global optimization problems in real time, where global convergence toward an equilibrium
point, fast convergence speed and the ability to quantitatively estimate the convergence time, are of crucial
importance. The results have been proved by means of a generalized Lyapunov-like approach, which has been
developed in the paper, and is suitable for addressing convergence of nonsmooth dynamical systems described by
differential equations with discontinuous right-hand side. An important open question is whether the results on
global convergence here obtained may be extended to more general neural network models incorporating the
presence of a delay in the neuron interconnections. This topic goes beyond the scope of the present paper and will

constitute a challenging issue for future investigations.
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