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ABSTRACT

we study the oscillatory behaviour of neutral differential equation. we obtain for the new oscillation
of neutral differential equations with positive and negative coefficients. In fact ,every solution of the neutral
differential equation is oscillates, while the equation has an eventually positive solution. otherwise, the
equation is non oscillates, while the equation has an eventually negative solution.
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1. INTRODUCTION:

In this paper, We discuss the oscillatory behaviour of all solutions of the following
neutral differential equation with positive and negative coefficient

[u(k) — GUuk — a) |’ + E(uk — w) — F(uk — p) = g(k), k = ko (1.1)
where
EF.GE C (ko) R" ),f € C([ko,®),R) a>0,0>0,p>0.
If g(x) = 0, then the above equation becomes
[u(k) — GUu(k — @)l + E)ulk — w) — Fu(k —p) =0, k=ko (12)
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The oscillation of every solutions of equations has been investigated by several authors.
In particular, all known oscillation results for equation (1.2) require the following condition:

JoIE®) = F(t —w + p)lds = o (1.3)

which has played a very important role in the study of (1.2). However, we obtained some new
sufficient conditions for the oscillation of equations respectively, which do not require the
condition(1.3).They used the following known condition

G(k) + fkk_mp F(H)dt =1 (1.4)

In this paper, our aim is to give some new sufficient conditions for the oscillation of neutral
differential equation without the usual condition. Our results improve the known results in the
literature. we remark that the oscillation behaviours of the solutions of neutral differential
equations. In fact, every solution of (1.2) oscillates, while equation (1.1) has an eventually positive
solution. Moreover u(k) is an eventually positive solution of (1.2) and implies that - u(k) is an
eventually negative solution of (1.2).This property has been extensively used in the study of the
oscillatory behaviours of differential equations without forced terms. But ,one can’t say that

-u(k) is an eventually negative solutions of (1.1) when u(k) is an eventually positive solution of
(1.2).

Let [ = max{a,w}; by a solution of equation (1.1), we mean a function wu(k) €
C([ky — 1),o0,R) for some k = k; which satisfies equation (1.1) for k > k,. We recall that a
nontrivial solution of equation (1.1) is said to be oscillatory if it has arbitrarily large zeros.
Otherwise, the solution is called non oscillatory.

For any real number m € [0, w — p] let

W (k) = G + [ F(O)dt + [ P E(t) de (1.5)
If m = 0, then the equation becomes

W, (k) = G(k) + [P E(t)dt.

and If m = w — p, then the equation becomes,

Wy—p(k) = G(k) + fkk_ F(t)dt.

w+p

Throughout this paper, we let

Pm

_ {a, whenG(k)=0andm=w —p
~ |l max{a, w}, otherwise

a, whenG(k)=0andm=w—p

VYm = { max{a, p}, otherwise

and the following conditions holds:

D(k) =E(k) —F(k—w+p) =0,
(C)  and identically not zero.

|f:;g(t)dt| < o

2. PRELIMINARIES:
2.1 Eventually positive
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A real valued function y(x) defined on an interval [ry,oo) is called eventually positive if
y(r) > 0 on [r,o) for some 7 > .
2.2 Eventually negative

A real valued function y(x) defined on an interval [ry,oo) is called eventually negative if
y(r) < 0on [r,o) for some 7 > .
1.1.7 Oscillatory

A non-trivial solution v is said to be oscillatory if it has arbitrary large zeros for t > t,

that is there exists a sequence of zero {t,,} of y. i.e., y(t) = 0 such that lim,,_,, t,, = .
Otherwise, the solution is said to be non oscillatory.
3. MAIN RESULTS:
Theorem 3.1:

Suppose there exists a number k € [0, w — p] such that
Yo (k) = G(k) + f:_mF(t)dt 1t f: “MTOTP E($)dt < 1 holds eventually. suppose further

max[a,w+p]
4

that limy, ., infk [ [E(t + @ — p) — F(D)]dt > Holds and that

Gk—w)E(k)—F(k—w+p)=[Ek—a)— Flk—w+p—a)] (3.1.1)
For large k.Then every solution of

[u(k) — G(Ku(k —a)]' + E(k)u(k — w) — F(k)u(k —p) <0 (3.1.2)
oscillates.

Proof:
suppose to contrary that u(k) is an eventually positive solution of (3.1.2).
Then, by using [3] lemmal, w(k) > 0 and w'(k) < 0 for large k.
By using lemmal,we have
w(k) = -Dk—-m+w—pu(lk—m-—p)

=—D(k—m+w—p)(w(k—m—p)+ G(k—m—p)u(k—m—p—a))

k—-m-p
—D(k—m+a)—p)<f F(u(t — p)dt
k-2m-p
k-2m+w-2p
+ j E(t)u(t — w)dt).
k—-m-p

Hence

wk)+Dk-m+w—-pwk—-—m-—p)+G6Glk—m-—p)
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Dt-m+w-—putk—m—-—p—a) <0 (3.1.3)
For large k. From

[u(k) — 6(uk — a)] + ECuk — w) — F(k)u(k — p) = 0,
we have

wk-a)+Dk-m+w—-—p—a)u(k—m—p—a)=0.

By (3.1.3) and above inequality, we have

wk) —wk —a)]'+Dk—m+w—plutk—m—p) <(Dtk—m+w—
p—a)—Gk—m—p)D(k—m+w—p)) uk—-m—p—a)<0,

Which w(k) is an eventually positive of the recurrence relation
wk)—wk—a)] +Dk—m+w—p)wk —m—p) <0,

Which is a contradiction.
Hence

u(k) is eventually positive solution and
[u(k) — G(uk — a)] + Euk — w) — F(k)u(k —p) <0
has a oscillatory solution.

Theorem 3.2:
Assume that condition

D(k)=E(k)—F(k—w +p) =0,
|f’:g(t)dt| < o

m € [0, w — p] such that

holds. suppose there exists a real number

Wn(k) = GUO) + [ FOdt+ [, " “PEMdt <1 (32.1)
For large k. Let

w(k) = u(k) — G(ulk —a) — [ F®u(t—p)dt + [ " 7P E(t)u(t — w)dt +

J g(®ydt, (322

Then we have:

(i) If x(t) is an eventually positive solution of
[u(k) —G(kulk —a) + f;g(t)dt]’ + E(R)u(k — w) — F(k)u(k —p) <0, (3.2.3)
then we have

w'(k) <0and w(k) >0 for large k. (3.2.4)
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(ii) If u(k) is an eventually negative solution of

[u(k) —G(kulk —a) + f:)g(t)dt]’ + E(k)u(k — w) — F(k)u(k — p) = 0, (3.2.5)
Then we have:
w'(k) > 0and w(k) <0 for large k. (3.1.6)

Proof:
(i) Let ky > kg such that u(k) > 0 for k > k; — kq.
Then from (3.2.3) and (3.2.2),we have
wk)<-Dk—-m+w—-—pu(lk—m—p) <0, k>k, (3.2.7)

So, w(k) is non increasing for k > k;.
If w(k) > 0 does not hold, then eventually w(k) < 0,which implies that there exists a constant
n > 0and k, >k, suchthat w(k) < —n fork > k.

By (3.2.2) we have

k

u(k) < -+ GUulk — a) + [ F(Oult —p)dt + [} " P E(@u(t — w)dt -

J, 9(®©)dt, k = k,. (3.2.8)
We consider two possible cases.
Case (i):
u(k) is unbounded, i.e., lim supy_,,, u (k) = oo.
Thus there exists a sequence of points {t;};=; suchthatt; > k, + uy, i =1,2,....5; = o,
u(t;) »owasi »ooand u(t;)) =max{u(k):k, <k <t} i=12,.....

From (3.2.1) and (3.2.8) and the above equality, we get

u(t) < —n+ G(t)ult; — a) + ffif_ _F(®Ou(t — p)dt + ft’j‘m“""E(t)u(t — w)dt —
I, 9,
< -n+ (G(ti) + ft:i_mF(t)dt + ft:"_m“‘"pE(t)dt) ut) - [, g()dt

< —n4ult) - f;:g(t)dt.
Leti — oo,and one hasn < 0,
Which is contradiction.
Hence, u(t;) > —n +u(t;) — f;g(t)dt.
Case (ii):

u(k) is bounded.,i.e.,lim supy_,, u(k) = S € [0,). Let{t;};—,be a sequence of points such
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that t; - o and u(t;) —» S asi — . Let A; be such that

u) =max{u(t):t;—pu <t <t;i—vi}h ti— <A <ti—vii=12,....
Then A; » wasi — «and lim sup;_,,, u(4;) <S.

Thus ,by (3.2.1) and (3.2.8),we have

w(E) < —n + GEUE — a) - ffii_ _F(e)u(t — p)dt + féi‘m*“"” E(Ou(t — w)dt —

f;g(t)dt,
< -n+u@) - f; g,

Taking the superior limit as i — <o on both sides,we obtain
S<—n+limg_,sup u(1) <-n+S,

Son <0,

which is also a contradiction.

Hence

0

ulk) —G(kulk —a) + f g(t)dt] + E(k)u(k — w) — F(k)ulk —p) <0

k
has a eventually positive solution

(ii) Let ky > kg such that u(k) < 0 for k > k; — k.
Then, from (3.2.2) and (3.2.5),we have
wk)=-Dk—-m+w—pulk—m-—p) =0, k =k, (3.2.9)
So,w(k) is non decreasing for k > k;.
If w(k) < 0 does not hold, then eventually w(k) > 0,which implies that there exists a constant
n > 0and k, = k, such that w(k) < n for k = k.
By (3.2.2) we have
u(k) = —n + GUulk — a) + [ F@©u(t - p)dt + [ P E()u(t — w)dt —
Ji g(t)dt, k= k,. (3.2.10)

We further consider two possible cases.
Case (i):

u(k) is unbounded, i.e., lim inf,_,, u (k) = —oo.
Thus there exists a sequence of points {t;};=; suchthat ¢t; > k, + p, i =1,2,...t; = x,
u(t;) » oasi —»oandu(t;) = min{fu(k):k, <k <t} i=12,.....
From (3.2.1) and (3.2.10) and the above equality,we get
u(t) = -0+ G(t)ult; — a) + ff;’_ _F(®u(t — p)dt — ft’j‘"”“"”E(t)u(t — w)dt —

I, 9®t,

< —n+ (6t + Ji Fde + [T E(t)dt) u(t;) - [7 g0t
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< —n+u(t) — f;:g(t)dt.

Leti — oo,and one hasn < 0,
Which is contradiction.
Hence,
lim infy_,, u (k) = —oo.

Case(ii):

u(k) is bounded,i.e.,lim inf_,,, u(k) =S € (—ox,0].
Let{t;};=,be a sequence of points such that t; - coand u(t;) » Sasi — o.
Let A; be such that
u) =min{fu(t):t; — e <t <t;—veh ti— U <A <ti—Vi,i=12,....
Then A; » wasi — wand liminf;_,, u(4;) = S.
Thus ,by (3.2.1) and (3.2.10),we have

u(E) =1+ GEulE; - a) + f;, F@Ou(t — p)dt + [P E(©)ult — w)de -
ffojg(t)dt,

> +u@) - [; g@®)at,
Taking the inferior limit as i — oo on both sides, we obtain
S=n+lim_inf u(d;) = -n+S,
Son <0,

which is a contradiction.
Hence, [u(k) —G(ku(k —a) + f:)g(t)dt], + E(k)u(k — w) — F(k)u(k —p) =0 hasa

eventually negative solution.
Hence the proof.

CONCLUSION:

Throughout this work, we discussed some theorems on oscillatory behavior of solutions of
differential equations with positive and negative coefficients and then we discussed the solution is
oscillate and non oscillate. Finally we establish that, when the solution of the differential equation
is eventually positive and eventually negative. In this paper we conclude that whether the solution is
eventually positive then it is said to be oscillate ,otherwise it is said to be non oscillate. our results

improve the known results in the research field.
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