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ABSTRACT

We establish some new oscillation criteria for the second-order Emden-Fowler delay dynamic equations
v22(8) + () y(z(£) ) = 0 on a time scale T: here j is a quotient of odd positive integers with g(t) real-valued

positive rd-continuous functions defined on T. We apply the qualitative behaviour of these equations on time scales.
Our results in this paper not only extend the results given in Oscillation of second-order delay dynamic equations,

but also the Oscillation of second order Emden-Fowler delay differential equation and the second-order Emden-
Fowler delay difference equation.
KEYWORDS: Oscillation, Delay dynamic equation
1. INTRODUCTION
Considered the second-order delay dynamic equations on time scales
y22(0) + g y((E)) = 0 for teT (1.1)
and established some sufficient conditions for oscillation of (1.1).

To the best of our knowledge, there are no results regarding the oscillation of the solutions of the following
second order nonlinear delay dynamic equations on time scales up to now

¥ +q(0)yF(z(0) = 0 for teT t2)

Clearly, (1.1) is the special cases of (1.2). To develop the qualitative theory of delay dynamic equations on time
scales, in this paper, we consider the second-order nonlinear delay dynamic equations on time scales (1.2).

As we are interested in oscillatory behaviour, we assume throughout this paper that the given time scale T is
unbounded above, i.e., it is a time scale interval of the form [a@. ez} witha € T,

We assume that £ is a quotient of odd positive integer, g{t) is positive, real-valued rd-continuous functions defined
on T.7(£): T — T is an rd-continuous function such that 7(t} = t and 7t} — colt — o).
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By a solution of (1.2), we mean a nontrivial real-valued function ¥ satisfying (1.2) for £ = £, = a. A solution ¥

of (1.2) is called oscillatory if it is neither eventually positive nor eventually negative; otherwise it is called
nonoscillatory. (1.2) is called oscillatory if all solutions are oscillatory. Our attention is restricted to those solutions
¥ of (1.2) which exist on some half line [ty ) with sup {ly(t}|:t = t;} = 0 for any t; = t,.

We note that if T =R, then ot} = 0,ult) = 0,y*(t) = y(#) and (1.2) becomes the second-order Emden-
Fowler delay differential equation

y(&) + qOyF(z(®)) =0 for t e R. (1.3)
If T =Z then ot} = ¢ + 1,
plt) = 1,92 () =ay() =y + 1) — y(£)
and (1.2) becomes the second-order Emden-Fowler delay difference equation
A%y() + gy (D)) = 0 fort e T (14)

In the case of f§ = 1, (1.2) is the prototype of a wide class of nonlinear dynamic equations called Emden-
Fowler superlinear dynamic equations, and if @ < & < 1. then (1.2) is the prototype of dynamic equations called
Emden-Fowler sublinear dynamic equations.

2. MAIN RESULTS
Result 1
Assume ¥ (£} is an eventually positive solution of
y30E) + gl yF(z(E)) = 0 for teT. (1.1)
Then, there exists £; = & such that
yvi() =0, y¥) <0, fortzt,. (1.2)
Result 2
Assume [, o(t)g(t) At = o, (2.1)
Then an eventually positive solution ¥ (£} of

y2(5) + g(e)yF(z(2)) = 0 for t=T satisfies eventually

y(t) = ty* (2), % is non increasing. (2.2)

Result 3
Let = and v are differentiable on time scale T with ¥(t} # 0 forall t € T.

Then we have,

O =@ - oy (). (31)
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Theorem 4
Assume [, o(#) g(£) At = o holds, § = 1. If
lim,_ . sup {t_lﬂ:‘c q{s]{%]sﬂs} = oo, (4.1)
then y22(£) + q(£) v#(z(£)) = 0 for teT is oscillatory on [a. o2).
Proof
Suppose that y22(£) + g(£) ¥#(z(£)) = 0 for tT has a nonoscillatory solution ¥ {t).
We may assume that ¥(t) = 0and ¥(r(t)) = 0 forall t=t, > a
We shall consider only this case, since the proof when ¥ (£} is eventually negative is similar.

By using result (2) we get (1.2) holds. From (1.1), (1.2) we have for T = £ = t,.

j g8y (2())As = — f ¥ (a5 =y — M) < y2 @,
t t
and hence I gls)yflz(s) Jas = y2(8).

This and result (2) provide for sufficiently large £t € T

=

y(E) =ty (E) = ¢ J‘ gls)yP (rls)aAs

t

> tj: g(s) (ﬁjﬁ yF(s)As
L

s
> el 9@ (£2) as)

so, el a(s) S as = P,

Here £ = 1 and (1.2) imply

t! q(s) (?)Sas = (ﬁ] H.

Which is a contradiction.

Hence the proof.

Theorem 5

Assume J‘? olt) q{ﬂﬂ.t = o2 holds, § = 1.
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Furthermore, assume that there exists a function z(t) € ¢}, ([a, 2], B) such that
=)

lim, ..5up [} (g (s)(a)® (z{ﬂ{s]]j: —Mﬁ-l{z%s]]:J =m (5.1)

#ls)
holds for all constants M = 0.
Then yy22() + () ¥F(z(£)) = 0 for tT is oscillatory on [a. 2).
Proof
Suppose that y22(#) + g(£) y#(z(£)) = 0 for teT has a nonoscillatory solution ().
We may assume without loss of generality that ¥(t} = 0 and ¥(z{t}} = 0 forall t = t, = a.

So by result (1.1), (1.2) holds.

Define the function w (£} by

=% (5.2)
Then, and using the following equation
(Fg)2(® = FAiD g + flale))gi®)

= fg " + FA D glale)).

We get,

g O

PR :.(Z‘J
w™ =)y +yvil— | .
{}_,3] Yo Ry SE
So, from (1.2) and result (3) we have
e A 2 A ays
fil —_ — 7y 2 E _} b ‘_ R T |E i
w '-?(Z } (}_:r) +|:}.,E}_".{Z } I:_)-S:IJ(}} } ((}_3) ) U (53)

By using result (2),

y{r{ﬂ} - y(z(th)
) — et)

Here f = 1.

1
((yitnF)*r =8 j[hyf 4+ (1 — hylE-y4 () dh,
i

and y(0) =0, ¥ =0, fortzt,.

imply  (8)°(0 = gy 9200 = gly(e))" 0,

then w* = —q(2)F + MF (=),
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where M = {_E%y{tlj]‘l, ifg=1IfF=1
we choose M = 1.
Therefore,
r g r
f (g(s) (@] (z(a() )y? — MA-1(ZA(s))P)as = - f o (s)ds = wlty),
ty q{sjl £y
Which contradicts (4.1).

Hence the proof.

Theorem 6

Assume [, o(t) g(t) At = o holds, 8 = 1. Furthermore,

) hs= o (6.1)

lime. sup [} g(=) o) (55

Then y22() + gt} ¥#(z(£)) = 0 for teT is oscillatory on [a. o2).

Proof
We assume that y*2 (¢} + g{z) ¥%(z(£) ) = 0 has a nonoscillatory solution such that
y(t) = Oand y(z(£)) = 0 forall t = ¢, = a.

By result (1.1) we obtain

y ) >0, y2E) <0 fortz .

Now we let z = /1 and define the Riccati substitution c by (5.2).

Using the product rule from following equation

(Fg)2(® = FA g + fla8))gi®)
= fD)g ) + FA (D glale)).
and result (1.2), we get,

o ={yt + o0y )7)" + eyt 0Py

= A oyFy7 — }{{]}] Do
et r.r':t:]ﬁ"::](}{ ®) + &y F)
< '}f : — o) g(®) (::) :

where the last inequality is true because (¥ )" = 0 due to
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(st =y Ly + 1 — Dyl ) dh,

and
yi(£) =0, v =0, fort =t,.

because

1
(yeEN* =01 -5) f[hf + (1 — Wyl fy ) dn
i}

1
<(1-8) f [hy® + (1 — K)y®]-Fy(tl dh
o

=1 -7 ) .

Integrating we get,

4 L A
(s} g f yF }
rfﬂ{ﬂﬁ'(ﬂ{ﬂ{s}] ﬂf‘—:r {1_.3—@- (s)as
A—F A-F
_ ¥ ) _ ¥R
5 o w(t) = + w(ty)
}’l_S{tLJ
= 1-¢ +c-;:-{t1].
Tl g
Which is contradiction to lim,__ sup [, g(s) o(s) .::.) As =

Hence the proof.

CONCLUSIONS

Throughout this work, we discussed some results and theorems on oscillation of second order Emden-foweler
delay dynamic equations and then we discussed a second-order nonlinear delay dynamic equations on time scales.
We establish some new oscillation criteria for the second-order Emden-Fowler delay dynamic equations. So the
solution of the second order non-linear equation is oscillatory.
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