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ABSTRACT

In this paper, we establish some Oscillation for the second-order half-linear dynamic equation. Our results
not only unify the oscillation of half-linear differential and half-linear difference equations but can be applied on
different types of time scales and improve some well-known results in the difference equation.
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1.1 INTRODUCTION:
In this paper, we are concerned with oscillation of second-order half-linear dynamic equation
(r) (@) +s@y" ) =0, t € [a,b] L(1.11)

on time scales, where  (H) r.= are positive, real-valued rd-continuous functions, and ¥ = 1 is an odd positive

integer. We shall also consider the two cases

I (ijl’ fu= o (112)

Ty
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i,

and ) T L (1.13)

)

By a solution of (1.1.1), we mean a nontrivial real-valued function y(u) € C; [uy.©0), uy = ugy = a, which has
the property () (y* ()" € Cz[uy,.02) and satisfying equation (1.1.1) for u = uy. The Riccati transformation
technique, a simple consequence of Keller’s chain rule, and the inequality

At ARt ra-1BYt=0, A1 cen(1.1.4)

where A and E are nonnegative constants.

1.2 SOME PRELIMINARIES ON TIME SCALES:

A time scale T is an arbitrary nonempty closed subset of the real numbers E. On any time scale T we define

the forward and backward jump operators by

&= inf{reT: t=uj,
plil= guplteT.t=wd ""’(1'2'1)

The graininess function u for a timescale T isdefined by ulu) = olul —u.

For a function f:T — E (the range B of f may be actually replaced by any Banach space) the (delta)

derivative is defined by

_ freluly—frw

A
ul = F
e ghal-u W..(1h212)
if f is continuous at u and  is right-scattered. If i is not right-scattered then the derivatives is defined by
provided this limit exists.

fFld—Frn

_\. —_ u
o) = lime_, —— , v (1.2.3)

A function f:[a.b] — E is said to be right-dense continuous if it is right continuous at each right-dense point
and there exists a finite left limit at all left-dense points, and f is said to be differentialbe if its derivative exists. A

useful formula is

flet) = £ + pld FA ) (1.2.4)
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We will make use of the following product and quotient rules for the derivative of the product fg and the

quotient (f/g) (where gg° = 0) of two differentiable function f and g
(Fo)' =rf'g+fg"=ra" +r'g" ...(1.25)

A
(9) T ....(1.2.6)

For a. b £ T, and a differentiable equation f, the Cauchy integral of £* is defined by

[ @b = £(5) — fla) (127

An integration by parts formula
[2 £ ) g* G au = [£6) g2 — I £ g0 au
and infinite integrals are defined as
(7 Fdbu = limg . [7 70 .
Incase T =&, we have alul = plu) = u, ulu) =0,
A=f and [LFasu= [ faddu
and incase T = Z, we have olu) = u + 1, ulad = 1,
FA=af and f7Fdaw = TEzE fi),
inthe case T = hE, h = 0, we have olul) = u + h, ulul = h,

Flu+hlI-Fruwy

Fr=anf= and [ faou= 3" r);

k

andinthecase T = g% = fu:u = 5% k€ N, 5 = 1}, we have o(u) = su, ulu) = (s — Du,

viw) = J'f:i—_jjf and [, Fldau = 5, u(s¥)f(s%).
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2 MAIN RESULTS:

We suppose that the time scale under consideration is not bounded above, i.e., it is a time scale interval of the

form [a. t2). Also, we will use the formula

(fhi=y fnl[h}=§ + (1 — 1" *dhy ), . (13.2)

Theorem 1.4:

Assume that (H) and (1.1.2) hold. Furthermore, assume that there exists a positive &-differentiable function

&) such that

B (6 NS .
r+ Driev) =

W=

o
lim supJ‘ [ﬂ{t]s{ﬂ &
£
where (§4(x)7), = max{0, (&= (). Then every solution of equation (1.1.1) is oscillatory on [ o).
Proof:
Suppose to the contrary that ¥} is a no oscillatory solution of (1.1.1).

Without loss of generality, we may assume that ¥ () is an eventually positive solution of (1.1.1) such that v (x) = 0
for all u = u, =a. We shall consider only this case, since the substitution z{w) = —y(u) transforms equation
(1.1.1) into an equation of the same form (1.1.1), we have (r{u)(y*(u))"}* = —slu)y? (W) <0,
.(1.42)

for all u = ug, and so {r(u)(y* () )7} is an eventually decreasing function.

We first show that {r{u)(y* () }¥1 is eventually nonnegative. since s(u) is a positive function, the decreasing
function +(u)(y> ()" is either eventually positive or eventually negative. Suppose there exists an integer

uy = ug such that = (u, (v (u, ¥ =¢ = 0.
By equation (1.4.2) we have = {u) (v (V¥ < w{u, ) (" (uy )Y = ¢ for u = uy, hence

e = e ()7,

L)
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which implies by (1.1.2) that

U 1 1"";"'
) = ylu, )+ V7 _I:Ai (ﬁ) At = —00as u— o0, ... (1.43)

which contradicts the fact that y(w) =0 for all uw=wu; Hence »{u)(y*(w))¥ is eventually
yd =0, ¥y =0, ()P <0,

nonnegative.Therefore, we see that there is some 1 such that
u =g, ....(1.4.4)
Define the function w{u) by

wizd = &(u) o =t I %

Then wiu} = 0, and using (1.2.5) and (1.2.6) we obtain

y¥ () 6% (u) — &G (v¥ () )®

&u) . .
A — ! ¥ Ay g
w () T (r)(e G + v (™)) STy () e (146)
From of (1.1.1) and (1.4.6), we get
6 () 5 (r(y") )7 (" (uh)"
. - _ T
wiln) = -G r) + W Py’ (@6 o (14T

Using (1.4.3) we have ¥ = (], and then from the chain rule (1.3.1) we obtain

1

(rFlud)® = T’J‘[-’l}-‘g + (1 = Wy~ y ) dh
o

1
= yf [hy + (1 — ”R)y]" Yy ) dh

o
=y @Y. .. (148)
It follows that from (1.4.7) and (1.4.8) that
YT B el B Ty e =L
A _ ol L STy R Y] ]
wil) = - Grl +=w ¥ wly¥ (ol
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4 I IELE A T
= — §luw)rlu) -|—{'5 ':ﬂ:]]*.wg_y.ﬂ{ Nr(y )y ()

i ydy? (olud)

L) PP - s L
£ - 6rl) + 5w —’”Lljﬁ—”m“ e (149)
From (1.4.4) since (r(u)(y*())¥)* < 0 we have
{?,.E:]l.";.-'
. A
yuwl = ey Cad i o (1.4.10)
Substituting (1.4.10) in (1.4.9) we find that
(62Gd), y8Gd (r®) 0 Y+ (g d)
A _ T
wilu) < —§Gwrl) + = v T YT (@ G))
= — 5Cu)slu) + e o VW o) 1.4.11
- s + £T W _I:E'E:l‘li"“l_i[i,\'.j{w :] g ""': v :]
where 2 = (¥ + 1)/y.
Let
1 '}"5':‘1,[:] 174
1 {55:].1?,..1—1{1[]
and

f1 L0 0A-17
B= (6°@), &) ] i
| ise (65 =1 (u)
Using inequality (1.1.4), we have
@), ,  v@
P — w7
AGeE {5:\:].1?,..1 1{,“:]
weien (a0 A e e
< (1 - 1AM/ (€2 (s
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-1

() (6" @),

FL-1 {u:]

_ rE )l

T e (14.12)

where € = (1 — 1At/ A8yt = 1 /0y 4 1yret,
Thus, from (1.4.11) and (1.4.12) we obtain

Pl (8 )y

A _ _
wiiu) < — |60 (W) o+ e e (1.413)
Integrating (1.4.13) from i to u, we obtain
—wiluy) = wlw) —wiluy) =
i r() (& D)
_J‘ [E{t]?"{t] —m e (104147

We have

- ]l (2)
| [ﬁ{ﬂr{ﬂ s < W

g

for all large u. This is contrary to

rl

A E+1
l[r_n supJ‘ [E(t:]'r(t:] —M =

= o7
(v + 1)F*267(t)

Hence the proof.

Theorem 1.5:

IJARIIE-ISSN(O)-2395-4396

Assume that (H) and (1.1.3) hold. Let &z} be as defined in Theorem(1.4) such that (1.4.1) holds. If
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s -
0 s(t)At] Au=oo e (1.5.1)

Then every solution of equation (1.1.1) is oscillatory or converges to zero.
Proof:
We assume that equation (1.1.1) has a nonoscillatory solution such that y(x) = 0, for u = u, = a.
(we shall consider only this case, since the substitution
z{w) = —y{w) transforms equation(1.1.1) into an equation of the same form.)
From the proof of theorem (1.4)
we see that there exist two possible cases for the sign of ¥* ().
The proof when y* (] is eventually positive is similar to that of the proof of Theorem (1.4)
Next, suppose that y= (a) = 0 for u = u, = ug,
Then ¥ () is decreasing and lim, . v(u) = b = 0 exists.
We assert that & = 0. If not, then ¥{u} = & = 0 foru = u; = u;.
Define the function
v(u) = riw (y* )Y,
Then from equation (1.1.1) for u = 15, we obtain
v () = —sw) y¥ (u)
= —b"={u).
Hence, for u = u; we have

v() < vluy) — b¥ [ s(t)at

25

< —b" f,_s(t)it.

(25
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Since vl{uy) = #lu (v u, ¥ = 0,

Integrating the last inequality from u to u, we have

u t iy

f yh(E)At = —b f % f s(t)Ar| At

[} [}

By condition (1.5.1), we get y{u) — —o2 as u — o, and this is a contradiction to the fact that y ()} = 0 for u = u,.

Thus & = 0 and ¥(u) = 0 asu — 2,

Hence the proof.
CONCLUSION

In this paper, by using the chain rule and the Riccati transformation technique, we have established some new
oscillation of second-order half-linear dynamic equations on time scales. Our results not unify the oscillation of
differential and difference equations but also improve the results of second-order half-linear difference equations.
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