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Abstract

In this paper, we present an accurate numerical method for solving a space-fractional Schrodinger equation in
two dimensions. The quantum Riesz—Feller fractional derivative is used to define the fractional derivatives. The
proposed numerical method is analogue of the Crank—Nicholson method and right-shifted formula of Grunwald-
Letnikov

Keys Words : fractional derivatives- quantum Riesz—Feller derivative-2D Variable Order

1. Introduction

It is well known that one of the most important partial differential equations in mathematical

physics is the Schrodinger equation that describes the change of the quantum behavior of some physical systems
with time. This equation was formulated in 1925, and published in 1926, by the Austrian physicist Erwin
Schrodinger.

In a sequence of papers ([8], [9], [10]) Nick Laskin constructed the fundamental equation

of fractional quantum mechanics i.e., Time Dependent Fractional Schrodinger Equation (TFSE), in the following
form:

iLa‘P(r,t) B
2 ot

for the wave function ¥ of a quantum particle with the mass M that moves in a potential field with the
2

potential V. Where Nis the Plank constant, Ca (m) is a positive constant which equals % for ¢ =2 and

C, (m)(—A)%‘P(r,t) +V(rt)¥(r,t) t>0,reRr (1)

a o
(—A)? was called the quantum Riesz fractional derivative of order & . In the mathematical literature, (—A ?)
is usually referred to as the fractional Laplacian. For & =2 , the quantum Riesz fractional derivative becomes

the negative Laplace operator —A and eq (1) is reduced to the classical Schrodinger equation for a quantum

particle with the mass M that moves in a potential field with the potential V

The main goal of this paper is to develop an accurate numerical algorithm for approximating

the numerical solutions of the variable order fractional Schrodinger equation with the quantum Riesz—Feller
derivative for a particle that moves in a 2-D potential field, using the right schifted formula Grunwald-
Letnikov[1] [2],

Literature review reveals many publications ([5], [6], [7]-[10], [11]), which introduce several analytical and
numerical methods for one or multidimensional space-fractional and space-time-fractional Schrodinger
equations with some specific potential fields including the zero potential (free particle), the potential, the infinite
potential well, the Coulomb potential, and the rectangular barrier.

This paper is structured as follows: in the next section we introduce some definitions on fractional calculus and
some properties of non-standard discretization. Section 3 is devoted to discretization.. In Section 4, some
numerical treatments are established with their results.

Concluding are given in Section 5.
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2 Preliminaries and notations

In the following we give some preliminary results which are needed in subsequent sections of this paper.

2.1 Fractional calculus definitions

In the labels, many different definitions of the fractional derivatives were introduced (see [10, 14, 15, 16]). The
time-fractional derivatives are often given in the Caputo,Riemann-Liouville, or Grunwald-Letnikov sense. As to
the space-fractional derivative, it is usually defined as an operator inverse to the Riesz potential and is referred to
as the Riesz fractional derivative. Podlubny concludes ([14]) that “the complete theory of fractional differential
equations,especially the theory of boundary value problems for fractional differential equations,can be developed
only with the use of both left and right derivatives. So the spatial derivatives discussed in this paper are the
fractional Riesz-Feller potential operator, which includes the left and right Riemann-Liouville fractional
derivatives.

Foro<a<2 ,a+#1and |9| < {a, 2 —Ot} , the quantum Riesz-Feller fractional derivative Dg was
represented in the following form (see [15, 16]):

Definition 2.1.
D,u(x)=(c.D +c D*)u(x) 2.1)

where the coefficients c+ are given by

sin((@—0)") sin((e+6) %)
c, =C,(,0) :_—2 c_=c (a,0) =_—2 (2.2)
sin(ar) sin(ax)
(DI = (IR, W) = ()" (17 “W)X) 23)

X dx

are the left-side and right-side Riemann-Liouville fractional derivativeswithx e R and a>0n—-1<a <

n,n = 1,2 Inexpressions (2.3) the fractional operators |27a are defined as the left- and right-side of Weyl
fractional integrals, which given by

« 1 1 u@ p 1 7 u@
fu)(x) = —, (I7u)(x) = — (2.4)
0= re  Gogre 90 =g loey
For o =1, the representation (2.1) is not valid and has to be replaced by the formula
Diu(x) = {cos(e %) D} —sin(0 %)D}u(x) 2.5)

1
where D refers for the first standard derivative and the operator Do is related to the Hilbert transform as first
noted by Feller in 1952 in his pioneering paper [17]

Dsu(x) = %%Lgdg
We can naturally expand this definition to a variable-order quantum Riesz-Feller fractional
derivative D;[((XX)) for 0 < a(x) < 2, (x) = land ‘G(X) <min {a(x), 2 —a(x)}‘ as following
Definition 2.2 For

D;ou(x) = (¢, DY +¢_D*™)u(x) (2.6)
sin((a(x) - 0(x)) ©) sin((@(X)+0(x) )
c. =C.(@(,000) =— o 2 ¢ =c (a(X),00) = a0 2 (27)

2.2 Right-shifted formula of Grunwald-Letnikov
The shifted Grinwald formula for discretizing the two-sided fractional derivative is proposed by Meerschaert
and Tadjeran [18], and it was shown that the standard (i.e., unshifted) Grinwald formula to discretize the
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fractional diffusion equation results in an unstable finite difference scheme regardless of whether the resulting
finite difference method is an explicit or an implicit system. Hence, we discretise the Riesz-Feller fractional

derivative DgU by the shifted Griinwald formula [18]:
If the spatial domain is [0, L] The mesh is N equals intervals of & = ﬁ and X, =10 for 0<I <N, and
u(lo) =y,

1+1 N-I+1

1
,Dru(x) =5—aZgju|_M+O(5) Dru(x,) = D gU,;4 +0(5) 111 (28)
i=0 j=0

Where the coefficients are defined by

g, =1 9, =(- j : (2.9)

Wealsohave g, = (1— a__ﬂ)gH j=1.. N 1] (2.10)
J

In this paper, we consider the fractional Schrodinger equation with the quantum Riesz—Feller
derivative that describes the wave function ‘¥ of a quantum particle that moves in a potential field in two
dimensional space with the potential V in the form:
in YYD _ o myDE, + DI WX Y )V (X, Yo,y 1) 210)
at =) B0yt [X Y, Y, Y, '

o(x,y.t) |y

t>0; (XY)e[0,LIx[0O,L,] w(x y0)=f(xy)

LY.t Y.t Yt LY.t
where (DG + Dy )0 Yat) = DGy P (x, v, 1) + DG, (X, y.t)

g, =1 g, () = (1)) 2H@)=D. ... (a() = j+1)

J!

In this case

3 Discretization
Assume that the coordinates of the mesh points are :

rtef0T]: xe[oL]; ye[oL,]

X, =nh n=01,.... N, y,=ph,  p=01.. N,
t=KA k=01,.....K
whee  ho=X-X, h=y, -y, A=t -t,

We define the approximation of the function W (X, y,t) on the grid (Xn ) yp ,tk) by
k
lI’(Xn’ yp’tk) = an,p

a(x,yt) e Yt gk Ak ak K a¥ K oy _
‘DH(X,Y,INXT(XH ! yp ’tk) - DH(Xn,y:tkk)IX\Pn,p - (C+,n,p 0 Dx P+ C—,n,p X DLX ? )(\Pnp) =

1 n+l N, —n+1
ok [C:n,ng'j(,n,quﬁ—jﬂ,p +C|—<,n,p z g?,n,p‘PﬁJrj—l,p]-’_O(hx) (3'1)
(h)™ -0 -0
. k k k
with .C+‘n’p :C+(Xn7yp’tk) C_Ynyp :C—(Xn’yp’tk) (Zn‘p :a(xn,yp,tk)

Oy = 00X, Y, t0)
(X, Y, t)(@(X,, Y, t) =D, (a(X,, Y ) — 1 +1) (
j!

gij'(,n,p :gj(xn’ypitk):(_l)j 3.2)
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Applying the usual approximation to a derivative on time and interpolation designs with extrapolation, as a result
we receive analog of Crank-Nicholson method in (2.11) [2]

O (X, Y, t) D06 Y5 1) @ (% Yo te)
h—pzcmn‘yplk)(m)( 00y b Dy 1y ) F O Y 8 +V O, Y 8 ¥ O, Y 6)

ot
(323)
n.p k+1 ar‘:,p all:‘p k
R G m(m)(Dam x Dgwy)‘}’ +C, m(By i+ Dy )Wy
ih—" = 5 il +V Pk (34)
k o . . .
where Vn’p =V (Xn, yp ,tk) it is an extension of the expression in 1D . see [19]
k+1
RS h*&‘m)(ng‘l‘x + ng 1|y)\Pn,p " (m)(Dgk kTt ng W) s o
[ih A = > +Vo oW,
[12‘1/k+1+i1Ac (D% 4 D%P Ykt _ (o 2|A1V ok T (D% + D% )P*
n.p h (m) oFtIx GEy7 ~ nosi h . (m) N =gk | Ix ok, v/ = np
[Q‘I”k+1 +i AC“np k+1 Z k+1 \Pk+1 k+1 Nzrl:l k+1 \Pk+1 ]+
n,p h hk+1 +np gjnp nj+1p —np gjnp n+j-1,p
X
1 k+1 & k+1 k+1 k+1 NS k+1 k+1
hak+1 [(C+,n,ngjnpl{1 J+1+C,,n'p Z gjn p\P np+j 1]] (2 2iA V )\P
n,p =0 =
y
AC N, -n+l
- +nngjnp nj+1p+c—np z gjnp n+11p]+
—p+1
[(C+n ngjnp n,p- J+1+C—np ZO glnp np+J—1]]
]
‘!
ksl AC 1 kil (gt ket kel gkl kil \grk+d
[Q\Pn,p +|7—p'[h a1 [( .0, p(QOn p‘Pn+1p + gln p\P +Zgj n, pq]n j+1p
k k k k k S k k
+1 +1 +1 +1 +1 +1 +1
—np(g0npql —1p+glnp\P + Z gjnpan+j—1p)]+
1 + + + + +
a;»'} [(C:nl,p(g(l)(nlqulr? [:)L+1 i glkglp\yk 3 + Z gl;nlpl{]“l j+1) +
y
k+1 k+1 k+1 k+1 k+1 Ny_p+1k1 k+1 3 1 k k
,t] p (90; p\Pn+p 1t 91; p‘Pnfp + 2 gj-:] p\PnTp+j71)]] — (2 = 2IA—h_vn,p)\ljn,p
j=0
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n+1

k
n.p +Zgjyn,p n- J+lp)+
j=2

)+

—-p+1

+ Z gjnp np+j—l)]]

(2—2iAan5p)\Pﬁ,p

y—p+l

N, —n+1
k k
C—,n,p(go,n,p nlp+glnp + z gjnp n+j—lp)]+
1 k k k &
‘lrlf,p [C+,n,p(go,n p\Pnp+1+glnp +zgjnp n,p- J+l)+c np(gOnp l+glnp
y
AC h k 1 k k k k 1L Rk k
n,p +1 +1 +1 +1 +1 +1 +1 +1
D [ 2' \Pn,p + k+1 [(C+,n,p(90n p\PnJrlp +gln plP +Zgjnqun j+Llp
h AC kL “n.p
y, p X
N, —n+1
k+l k+1 k+1 k+1 k+1 k+1 k+1
—np(QOnpanlp_|_glnp\P + Z gjnp‘PnHlp)]'i'
k+1 k+1 k+1 k+1 k+1 k+1 k+1
arﬁ} [(C+,n,p(90n p\Pn p+l+gln p\P +zgjnpl}l ]+l)+
y
k+1 k+1 k+1 k+1 k+1 R k+1 k+1 Acak h 1
. - N [
—np(gOnp\P l-i_glnplP + z g]np\Pnpﬂ—l)]]__l [I
h ~AC,
n.p
1 k k k k k & k
Tp[(c+.n,p(go,n p\Pn+l p + gl,n,p\P p U z gj,n,p n— J+1 p) d
K j=2
N, —n+1
k k k k
C—,n,p (gO,n,pLPn—l,p + gl,n,p + z gj n,p n+J—1 p)] i
1 k k &4 k k
aﬁ,p [C+,n,p(go,n,p n,p+1 + gln p p + Zzgj,n,p n,p- j+1) +C—n p (gOn p p—1 + gl,n,p
y =
H h k+1 1 k+1 k+1 k+1 k+1 k+1 k+1 k+1
DCak+1[_2| \P ak+1 [( +.n, p(90n panJrlp +gln p\P +Zgjnp\Pn J+1P)+
me ak+1 b (Y
n.p
N, —n+1
k+1 k+1 k+1 k+1 k+1 k+1 k+1
_np(gOnplP _ij_i_glnp\P K Z g]anPn+j—1p)]+
1 k+1 k+1 K+ k+1 k+1 k+1 k+1
“rl:fpl [(+np(90npq] pﬁ-l—}_glnplP +ng”P\P J+1)+
y
Ny -p+l 1
k+l k+1 k+1 k+1 k+1 k+1 k+1 _ H k k
—n p(g0n panpl_i_gln p\P + Z gjnplP n,p+j 1)]] IC [I (Z_ZIAHVn,p)an,p
k
anyp

X

k
—np(QOnp\P —lp+glnp

1

y

12941

+,n,p (go,n,p n+l,p + gln p

k k k
ok . [C+,n,p (go,n pan p+1 + gln p

n+1

k
n,p +Zgj,n,p n—j+l, p)+
j=2

N, —n+1

+ Z anp n+j—lp)]+

p+1

+Zgjnp
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make m=j-1 ;e=j-1

H h k+1 1 k+1 k+1 k+1 k+1 k+1 C k+1 k+1
DCa,‘j*pl [_ZI lIIn,p + hak+p1 [(C+,n,p (gO,n,p\PnA,p + gl,n,pLPn,p + z gm+1,n,pLPn—m,p) +
' k+1 m =1
an,p X

N,—-n
k+1 k+1 k+1 k+1 k+1 k+1 k+1
C—,n,p(gO,n,p\Pn—l,p + gl,n,p\I}n,p + Z gm+1,n,p\Pn+m,p)]+
=1

1 k+1 k+1 k+1 k+1 k+1 - k+1 k+1
[(C (g \P + gl,n,pLPn +de+1,n,p\Pn,p—e)+
e=1

am} +,n,p 0,n,p = n,p+l p
y
k+1 k+1 k+1 k+1 k+1 Nyip k+1 k+1 h l k k
+ + + ¥ + + + . : -
C—,n,p(go,n,pLPn,p—l + gl,n,pLPn,p + z ge+1,n,p\Pn,p+e)]] - _ICak [I (2_ 2IA_Vn,p)\Pn,p
=1 ne Acak h
n.p
1 K

k
Ay p
X

Ny—n
k k k k k k k
C—,n,p(go,n,pq}n—l,p + gl,n,p\Pn,p * Z gm+1,n, p\Pm—m,p)]—I—
m=1

n
k k k k k k
[(C+,n,p (go,n,p\PnJrl,p + gl,n,pLPn,p + z gm+l,n,p\Pn—m,p) +
m=1

N,-p
1 k k k k k a k k k k k k k S k k
K [C+,n,p (go,n,p\Pn,pﬂ + gl,n,pan,p + Z ge+1,n,pan,p—e) & C—,n,p (go,n,pl{]n,p—l i1 gl,n,pLPn,p + z ge+1,n,p\Pn,p+e )]]
e=1 e=1

an‘p
y
[C 2i h k+1 1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 C k+1 k+1
a’l:ﬂ [_ I an,p + okt [(C+,n,p(g0,n,pl}ln+l,p + gl,n,p\Pn,p + gz,n,pan—l,p + z gm+1,n,p\Pn—m,p) +
P i hxn,p m=2
n.p

N,—n

k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1

C—,n,p(go,n,p\Pn—l,p + gl,n,p\Pn,p + gZ,n,p\Pn+1,p + Z gm+l,n,p\Pn+m,p)]+
m=2

1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 . k+1 k+1
[(C (g kg + gl,n,p\Pn,p + gz,n,p\Pn,p—l +zge+1,n,p‘{’n,p—e)+
e=2

drlffpl +,n,p \I0,n,p ~ n,p+l
y
N. —
Ck+l k+1 \Pk+1 k+1 \Pk+1 k+1 “Pkﬂ & k+1 \Pk+l )]]_ |C [l h 2 2|A1Vk lPk
—,n,p(go,n,p n,p—1+gl,n,p n,p +gz,n,p n,p+1+ Z ge+1,n,p n,p+e - aX C ( - H n,p) n,p
e=2 A aﬁp
1 k k k k k k k C k k
akp [(C+,n,p(go,n,p\Pn+l,p + gl,n,p\Pn,p + gz,n,p\Pn—l,p + Z gm+1,n,p\Pn—m,p)+
n, m=2

X

N,—n
k k k k k k k k k
C—,n,p(go,n,pq]n—l,p + gl,n,p\Pn,p i gz,n,p\Pm—l,p its Z gm+1,n,p\Pn+m,p)]+
m=2

1 k k k k k k k : k k
Tp[c+,n,p (go,n,p\Pn,p+1 + gl,n,pl}]n,p + gz,n,pLPn,p—l + Z ge+l,n,pLPn,p—e) +
" e=2
y

k

N,—p
k k k k k k k k
C—,n,p (go,n,p\Pn,p—l + gl,n,p\Pn,p + gz,n,p\Pn,p+l + Z ge+l,n,pan,p+e )]]
e=2

12941 www.ijariie.com 1856



Vol-6 Issue-5 2020

h
H k+1 k+1 k+1 k+1 k+1 k+1
Dcak+1[_2| an,p k't [(C+n ngn p -n, pQZn p)le-lp
e AC k+1
a,,yp
k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1
(+np92np+ —anOHp)lP—lp +nngm+lnp‘Pn+mp
m=
1 k+1 k+1 k+1 k+1 k+1 k+1 k+1
)‘Pnp+1 (+npglnp

k+1
r»:+p1 [( +,n, p90np+ -n, pg2np

y

+(C+n pglnp

k+1
)an,p

—n gln
p p

IJARIIE-ISSN(O)-2395-4396

k+1 k+1 k+l k+1 k+1
-,n, pgln p)an,p +

1 k+1 k+1
) Z gmj—l,n pan:m p)]+

k+1 k+1 k+1 k+1 k+1
( +,Nn, p92np +C —-.n, ngn p)an p—l

1

k+l k+1 k+1 k+l k+1 k+1 : : : k k
+ n,p Z g- e+1,n, pLPn p+e —n p Z ge+1,n p‘Pn p+e)]] = _Icaﬁp [I AC (2 - 2IAF\/n,p)‘Pn,P
e=—p .
k k k k k k k
-,n, pgz n, p)\Pn+l p + (C+ n, pgln p —,n,pgl,n,p)\Pn,p + (C+,n,p gz,n,p + C—,n,ng,n,p)an—l,p

k
%n,p

1
_kp[(ct,n,pg(l)(,n,p

-2

k k

C+npz g—m+1,np n+m, p)+(+c nngm+1np n+m, p)]+
m

k
+(C+:",P gZ,n,p —n pQOn p)\Pn p—1

k k
—n p92n p)an p+l+(c+n pglnp —,n,pgl,n,p)an,p

1
_k[(Cl:,n,pgg,n,p

anvp
hy
Ny-p
+nng—e+1np np+e —npz ge+1np np+e)]]
e=-p

Here we try to solve this problem in the finite domain [0, LX] X [0, Ly] with boundary conditions for t>0,

w(0,y,t) —oie ‘ngp = » =0.

W(x,0,t) =W(x L, t)=0ie ¥y :lPE,Ny =0
i.e ‘Pg'p = f(an yp)

=¥(L,y.t)

F(xy,0)=1(xy)

we suppose that hx = hy L= Lx = Ly and N = NX = Ny
k an k k
an,p = - (C+n pg2np +C—,n,pg0,n,p)
hx
k Ca k k
b = - (C+n pQOnp+C—,n|pgz,n,p)
X
2hh?"s
K an k k : ‘
dn, : (C+n pgln p Cf,n,pgl,n,p =1 TX)
X
Cax _2hh% 1
k n, k k
Cn,p - hanp (C+n pglnp+c—,n,pgl,n,p+ (1 AhVn p)
X
www.ijariie.com
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Hence ,fanally we have

k+l
kl +np

k+1
kl —np

K+Iysk+1 K+Iysk+1 k+Iygsk+1 k+1 k+1 k+1 k+1
[[[b an+l p +d lP + a an -1, p Z g m+1,n, p\Pn+m p Z gm+1n pan+m p

k+1\sk+1 k+1ysk+1 K+l k+1 k+1 k+1 k+1 k+1 k+1 k+1

[b anp+l d \I’ +a anpl kl +nnge+1,nqunp+e —np kl deﬂnp\ynme
y
k k k k

_[[b LIInJrlp-I_C LP +a lIIn lp +r|p ng+1np n+mp —np ng+1np n+mp

k k k k
[b anp+1+C \P +a \Pnpl +np de+lnp np+e —np de+lnp np+e

ﬂ‘p ‘P

Scheme (3.5) with the boundary condltlons can be written after some 5|mpI|f|cat|on in
the matrix form as

Ak+l\Ilk+1 — Bk\Pk (36)
such that the vector W is
vr - - . R PPN Pyl 3.7)
ifwetake Ny, =N, =N,
For1<i,j<N-1
bt 0 0 0 0 |
0
c_| 0 b;t 0 0
1o 0
0 0 0
0 0 bﬁ;ll
A<t 0 0 0 |
0 a0
0 o 0 0
D. =
0 « 0
0 « O
|0 0 O 0 ai'f:f_l
12941 www.ijariie.com
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k+1 k+1 k+1 1 k+1 k+1 1 k+1 k+1 1 k+1 k+1 1 k+1
2d b c— — — c——
i1 i1 Lin o Jain Coin T Gain 0 e i1 er In2in i1 e Inetin
il il h 1i il
y y y y
k+1 k+1 k+1 k+1 1 k+1
a; 2d;5 b s ¢ e Clix e On-2i2
y
1 1 1
k+1 ~k+1 k+1 k+1 k+1 k+1 k+1
——0C . . a. + o c .., ——dad,: c.., — et °
aik$1 +,|,3g3,|,3 i,3 —i,j-1 aik,ﬁl g3,l,]—l i, j-1 aikﬁl g4,|,j—l
y y y
k+1 k+1 k+1 A k+1 k+1
o o Ciaaia — 1 CiiaY3ia ° o bi,j ® ® ®
A + — h i4 h i4
y y
k+1 1 k+1
* O C ° + O * Coina ey Osin-a
1 ]=
y
k+1 1 k+1
* 4 ° B © 1 © Clins i Usins
PN
y
° ° ° ° ° o + bikﬁl_z
1 k+1 k+1 1 k+1 k+1 O . 1 k+1 k+1 1 Ck+1 k+1 ak+1 2d +1
] +,i,N—1gN—l,i,N—1, g +,i,N—lgN—2,i,4 P! +,i,N—1g4,i,N—1, ] +,i,N—lg3,i,N—1 i,N-1 i,N-1
h i,N-1 h iN-1 h iN-1 h i,N-1
LY y y y
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o 0 0 R 0 0
1 1
0 e 0 0 el 0
0 0
0 e 0 o R
x il k'
[ ] [ )
0 0 0 . 0 0 .
0 0 . 0 0 0 . 0
0 e 0 S
| th‘Nfi | | hXI‘Nfl |
_a_k+l O O O ] c N ¥ _
14 o A E, Cis Cu * Cina
0 a, 0 D, A, E, Cu 2 °
D, = o0 ° hence At = Cz D, e g * G (3.8)
0 0 « 0 C., Cg ° e e Cia
0O o 0 ° ° ° ° ° E
0 O 0 akt % - - .
L i,N-1 | _CN—1N~1 * CN—14 CN—lB DN—l AN—l i
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B, E. Cps Cu e Cupu
D, B, E, Ca ° °

BX — _ Cs D, ° * e Ciu (3.9)
C Cis ® ¢ e Gy

° ° ° ° ° EN2

+ + +
_CNle—l ® CN—14 CN—lS DNfl BN 1 ]

k

InB*, We replace k+1 by kin C,C" E;, D, and B, = A but we replace dilf}rlby G|

Ly =y

4 Numerical simulations

To demonstrate the effectiveness of the method, we present one numerical examples, and, we will compare our
numerical results with those obtained using the exact solution

4.1 Example

Consider the space fractional Schrodinger equation with the quantum Riesz-Feller derivative with potential V.
see [3]

oY (x,y,t)
ot
O<x,y<27r; 0<t<£l;1<a(x, y,t) <2 and a(X, y,t) :1.5+e_(xyt)2_1 0(x,y,t)=0,2

a(x, y,t);z)
2
sinxsiny

—i(Dgy i + Dageytyy ) E (6 Y, D) =V (%, y, ¥ (x, y,1) (4.2)

o(x,y.t) ly

sin(x+y —

v(X,y,t) =§—2

with a initial condition :

(X, Y,0) =sinxsiny
4.2 Remark
- It’s reduce form of Schrodinger equation

- For a discretization we take N=10 and hx = hy
4.3 Progamming under Matlab

L=input('simlation of x and y L=")
N=input(‘discret of Nx and Ny N=')

deltax=L/N

deltay=deltax

T=input(‘similation of t T=")

deltat=(T/L)*deltax

teta=input('skewness teta=")

kO=input('valeur de k pour la representation k0=")
K=N-1

for n=1:N-1
for p=1:N-1

alp=1.5+0.5*(1/exp(1))

c10=(sin(((alp-teta)*(pi/2)))/sin(alp*pi))

c20=(sin(((alp+teta)*(pi/2)))/sin(alp*pi))

cpl=1,

VO(n,p)=3/2-2*(sin((deltax*n+deltay*p)-(teta*pi/2)))/sin(deltax*n)*sin(deltay*p)
end

end

for j=1:N-1
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for n=1:N-1
for p=1:N-1
90(j.n,p)=(1-(1+alp)/j)*cpl;
cp1=g0(j,n,p);
end
end
end
for n=1:N-1
for p=1:N-1
gl=cpl
a0(n,p)=(c10*g0(2,n,p)+c20*g1)/(deltax)"alp
b0(n,p)=(c10*g1+c20*g0(2,n,p))/(deltax)"alp
do(n,p)=(c10*g0(1,n,p)+c20*g0(1,n,p)-(2*1i*((deltax). alp))/(deltat))/(deltax)"alp
c0(n,p)=(c10*g0(1,n,p)+c20*g0(1,n,p)+2*1i*((deltax). alp/deltat)*(1-1i*deltat*\VO(n,p)))/(deltax)alp
end
end
betalO=zeros(N-1,N-1,N-1)
beta20=zeros(N-1,N-1,N-1)
EO=zeros(N-1,N-1,N-1)
EO=zeros(N-1,N-1,N-1)

for i=1:N-1
M= diag(b0(i,:))
EO(:,:,i)=M
DO(:,:,i)=diag(a0(i,))

end
for i=1:N-1
for j=1:N-1
for p=1:N-1
betal0(p,j,i)=(c10*g0(j,i,p))/deltax"alp
beta20(p,j,i)=(c20*g0(j,i,p))/deltax"alp
end
end
end

C10=zeros(N-1,N-1,N-1,N-1)
C20=zeros(N-1,N-1,N-1,N-1)

for i=1:N-1
for j=1:N-1
C10(:,:i,j)=diag(betal0(:,j,i))
C20(:,:i,j)=diag(beta20(:,j,i))

end
end
for i=1:N-1
s(:,i,1)=2*c0(i,:)%dim=N-1
v(:,i,2)=b0(i,1:N-2)%dim=N-2
w(:,i,2)=a0(i,2:N-1)

end
for i=1:N-1
for j=3:N-1
r(1:N-j,i,j)=beta20(1:N-j,j,i)%dim=N-j
t(j:N-1,i,j)=betal0(j:N-1,j,i)%dim=N-j
end
end
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B1=zeros(N-1,N-1,N-1)
BO=zeros((N-1)"2,(N-1)"2)
for i=1:N-1
B1(:,:,i)=diag(s(:,i,1))+diag (v(:,i,2),1)+diag(w(:,i,2),-1)
for j=3:N-1

B1(:,:,)=B1(:,:,i)+diag(r(1:N-j,i,j),j-1)+diag(t(j:N-1,i,j),-(j-1))
end
end
for i=1:N-1:(N-1)*(N-2)+1
BO(i:i+N-2,i:i+N-2)=B1(:,:,((i-1)/(N-1))+1)

end
for i=1:N-1:(N-1)*(N-3)+1
BO(i:i+N-2,i+N-1:i+N-1+N-2)=EO0(:,:,((i-1)/(N-1))+1)

end
for i=1:N-1:(N-1)*(N-3)+1
BO(i+N-1:i+N-1+N-2,i:i+N-2) =DO0(:,:,((i-1)/(N-1))+1)

end
for i=1:N-1:(N-1)*(N-4)+1
for j=i+2*(N-1):(N-1):(N-2)*(N-1)+1
C20ij=C20(:,:,((i-1)/(N-1))+1,((-1)/(N-1))+1)

BO(i:i+N-2,j:j+N-2)=C20ij
end
end
for j=1:N-1:(N-1)*(N-4)+1
for i=j+2*(N-1):N-1:(N-1)*(N-2)+1
C10ij=C10(:,:,((i-1)/(N-1))+1,((j-1)/(N-1))+1)
BO(i:i+N-2,j:j+N-2)=C10ij
end
end
for k=1:K
for n=1:N-1
for p=1:N-1

alp(n,p,k)=1.5+0.5*(1/exp(n*deltax*p*deltay*deltat*k+1))
cl(n,p,k)=(sin(((alp(n,p,Kk)-teta)*(pi/2)))/sin(alp(n,p,k)*pi))
c2(n,p,k)=(sin(((alp(n,p,k)+teta)*(pi/2)))/sin(alp(n,p,k) *pi))
cpl=1

V(n,p,k)=3/2-2*(sin((deltax*n+deltay*p)-(teta*pi/2)))/sin(deltax*n)*sin(deltay*p)

end
end
end
for k=1:K
for j=1:N-1
for n=1:N-1
for p=1:N-1
9(.n,p,k)=(1-(L+alp(n,p,k)/j))*cpl;
cp1=g(j,n,p.k);

end

end

end

end

for k=1:K
for n=1:N-1
for p=1:N-1
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gl=cpl
a(n,p,k)=(c1(n,p,k)*a(2,n,p,K)+c2(n,p,k)*gl)/(deltax) alp(n,p,k)
b(n,p,k)=(c1(n,p,k)*gl+c2(n,p,k)*g(2,n,p,k))/(deltax)™alp(n,p,k)

IJARIIE-ISSN(0)-2395-4396

d(n,p,k)=(c1(n,p,k)*g(1,n,p,k)+c2(n,p,k)*g(1,n,p,k)-(2*1i*((deltax). alp(n,p,k))/(deltat)))/(deltax)™alp(n,p,k)

c(n,p,k)=(c1(n,p,k)*g(1,n,p,k)+c2(n,p,K)*g(1,n,p,k)+2*1i*((deltax). alp(n,p,k)/deltat) *(1-

li*deltat*V(n,p,k)))/(deltax)"alp(n,p,k)
end
end
end

betal=zeros(N-1,N-1,N-1,N-1)
beta2=zeros(N-1,N-1,N-1,N-1)
for k=1:K

for i=1:N-1

EC.,:.i,k)=diag(b(i,: k)
D(;,..i,k)=diag(a(i,’,k))

end
end
for k=1:K
for i=1:N-1
for j=1:N-1
for p=1:N-1
betal(p,j,i,k)=(c1(i,p,k)*g(j.i,p,k))/deltax alp(i,p,k)
beta2(p,j,i,k)=(c2(i,p,k)*g(j.i,p,k))/deltax”alp(i,p,k)
end
end
end
end

Cl=zeros(N-1,N-1,N-1,N-1,N-1)
C2=zeros(N-1,N-1,N-1,N-1,N-1)
for k=1:K
for i=1:N-1
for j=1:N-1
C1(:,:,i,),k)=diag(betal(:,j,i,k))
C2(:,:,i,),k)=diag(beta2(:,j,i,k))

end
end
end
for k=1:K
for i=1:N-1
s(:,i,1,k)=2*c(i,:,k)%dim=N-1
s1(:,1,1,k)=2*d(i,:,k)
v(:,i,2,K)=b(i,1:N-2,k)%dim=N-2
w(:,i,2,k)=a(i,2:N-1,k)%dim=N-2
end
end
for k=1:K
fori=1:N-1
for j=3:N-1
r(1:N-j,i,j,k)=beta2(1:N-j,j,i,k)%dim=N-]
t(j:N-1,i,j,k)=betal(j:N-1,j,i,k)%dim=N-j

end

end
end
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B1=zeros(N-1,N-1,N-1,N-1)

B=zeros((N-1)"2,(N-1)"2,N-1)

Al=zeros(N-1,N-1,N-1,N-1)

A=zeros((N-1)"2,(N-1)"2,N-1)

for k=1:K

for i=1:N-1
B1(:,:,i,k)= diag(s(:,i,1,k))+diag (v(:,i,2,k),1)+diag(w(:,i,2,k),-1)
AL(:,:,i,k)=diag(s1(:,i,1,k))+diag (v(:,i,2,K),1)+diag(w(:,i,2,K),-1)

for j=3:N-1

B1(:,:,i,K)=BL(:,:,i,K)+diag(r(1:N-j,i,j,K),j-1)+diag(t(:N-1,i,j,K),-(-1))
ALC,LK)=ALC,: i K)+diag(r(L:N-j,ij,K),j-1)+diag(t(:N-1,i,j,K),-(-1))

end

end

end

for k=1:K

for i=1:N-1:(N-1)*(N-2)+1
B(i:i+N-2,i:i+N-2,k)=B1(:,:,((i-1)/(N-1))+1,k)

A(i:i+N-2,i:i+N-2,k)=A1(:,:,((i-1)/(N-1))+1,k)

end

end

for k=1:K

for i=1:N-1:(N-1)*(N-3)+1
B(i:i+N-2,i+N-1:i+N-1+N-2 k)= E(:,:,((i-1)/(N-1))+1,k)
A(i:i+N-2,i+N-1:i+N-1+N-2,k)= E(:,:,((i-1)/(N-1))+1,k)

end

end

for k=1:K

for i=1:N-1:(N-1)*(N-3)+1
B(i+N-1:i+N-1+N-2,i:i+N-2,k)=D(:,:,((i-1)/(N-1))+1,k)
A(i+N-1:i+N-1+N-2,i:i+N-2,k)=D(:,:,((i-1)/(N-1))+1,k)

end

end

for k=1:K

for i=1:N-1:(N-1)*(N-4)+1
for j=i+2*(N-1):(N-1):(N-2)*(N-1)+1

B(i:i+N-2,j:;j+N-2,k) =C2(:,:,((i-1)/(N-1))+1,((-1)/(N-1))+1,k)
A(i:i+N-2,j:;j+N-2,k) =C2(:,:,((i-1)/(N-1))+1,((-1)/(N-1))+1,k)

end
end
end
for k=1:K
for j=1:N-1:(N-1)*(N-4)+1
for i=j+2*(N-1):N-1:(N-1)*(N-2)+1
B(i:i+N-2,j:;j+N-2,k)=C1(:,:,((i-1)/(N-1))+1,((-1)/(N-1))+1,k)
A(i:i+N-2,j:j+N-2,k)=C1(:,:,((i-1)/(N-1))+1,((j-1)/(N-1))+1,k)

end
end
end

for i=1:N-1

for j=1:N-1
VO(i,j)=sin(i*deltax)*sin(j*deltay);

end

end
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UO=reshape(VO0',[(N-1)"2 1])
for k=1:K-1

U(;,1)=inv(A(:,:,1))*(BO*U0);

U@ k+D)=inv(A(,:,k+1))*(B(:,:,K)*U(:,Kk))
end
W=reshape(U(:,k0),[N-1 N-1])
V(:,:,k0)=W'
T=zeros(N+1,N+1)
T(2:N,2:N)=wW'
for i=1:N+1
for j=1:N+1
T1(i,j)=abs(T(i,j))
T2(i,j)=real(T(i,j))
T3(i.,j)=imag(T(i.j))
end

[i,j]=meshgrid(1:1:N+1,1:1:N+1)
figure(1)
figure(1)
surf(i,j,T1)
figure(2)
surf(i,j, T2)
figure(3)
surf(i,j, T3)

4.4 Results of the programming/ Graphicals representations
Figure 1: Re (X, y,0.1)

Figure 2 : Im¥(x, y,0.1)
Figure 3: (X, y,0.2)|

Figure 2

Figure 1
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Figure 3

5 Conclusion

In this paper, the shifted Griinwald-letnikov is used to solve the problem . An axample is given. There may be
other questions to answer that we may see next time All results in this paper are obtained using MATLAB
(2013a).
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