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Abstract
In this paper the space variable-order fractional Schrodinger equation is studied numerically, where the
variable-order fractional derivative is described here in the sense of the quantum Riesz-Feller definition. The
proposed numerical method is analogue of the Crank—Nicholson method and right-shifted formula of Grunwald-
Letnikov
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1. Introduction

The concept of fractional derivatives is by no means new. In fact, they are almost as old as their more familiar
integer order counterparts . Until recently, however, fractional derivatives have been successfully applied to
problems in system biology [4], physics [5-9], chemistry and biochemistry [10], hydrology [11-14], and finance
[15-18]. These new fractional-order models are more adequate than the previously used integer-order models,
because fractional-order derivatives and integrals enable the description of the memory and hereditary properties
of different substances [27]. This is the most significant advantage of the fractional-order models in comparison
with integer-order models, in which such effects are neglected. In the area of physics, fractional space
derivatives are used to model anomalous diffusion or dispersion, where a particle spreads at a rate inconsistent
with the classical Brownian motion model [7]. In particular, Laskin [20-2 3] constructed the space fractional
Schrodinger equation in form (1.1) as a generalization of the classical Schrodinger equation, obtained by
replacing the second order space derivative by a Riesz fractional derivative.

. h 0¥(r,t -
|__( ) _ C,(MA)2 P (r,t) +V (r,t)¥(r,t) t>0,rer (11
2r ot
for the wave function ¥ of a quantum particle with the mass M that moves in a potential field with the
h2
potential V. Where his the Plank constant, Ca (m) is a positive constant which equals % for ¢ =2 and
[04 o

(—A)? was called the quantum Riesz fractional derivative of order & . In the mathematical literature, (—A ?)
is usually referred to as the fractional Laplacian. For & =2 , the quantum Riesz fractional derivative becomes
the negative Laplace operator —A and eq (1.1) is reduced to the classical Schrodinger equation for a quantum
particle with the mass M that moves in a potential field with the potential V

Many papers using several analytical and numerical methods have dealt with the space-fractional and space
time-fractional Schrodinger equations with some specific potential fields including zero potential (free particle),
the O -potential, the infinite potential well, the Coulomb potential, and a rectangular barrier. In 2013, Al-Sagabi
et al [6] solved the fractional Schrodinger equation with the quantum Riesz-Feller derivative for a particle that
moves in a potential field in terms of the Fox H-function. Atangana et al. [28] solved the space variable-order
fractional Schrodinger equation using Crank-Nicholson scheme, they used the Caputo variable-order differential
operator

The main aim of this paper is to introduce numerical study of the variable-order fractional Schrodinger equation
with the quantum Riesz-Feller derivative using the right schifted formula Grunwald-Letnikov[1] [2].
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This paper is structured as follows: in the next section we introduce some definitions on fractional calculus and
some properties of non-standard discretization. Section 3 is devoted to discretization.. In Section 4, some
numerical treatments are established with their results.

Concluding are given in Section 5.

2 Preliminaries and notations

In the following we give some preliminary results which are needed in subsequent sections of this paper.

2.1 Fractional calculus definitions

In the labels, many different definitions of the fractional derivatives were introduced (see e. [12, 15, 19, 24]).
The time-fractional derivatives are often given in the Caputo,Riemann-Liouville, or Grunwald-Letnikov sense.
As to the space-fractional derivative, it is usually defined as an operator inverse to the Riesz potential and is
referred to as the Riesz fractional derivative. Podlubny concludes ([15]) that “the complete theory of fractional
differential equations,especially the theory of boundary value problems for fractional differential equations,can
be developed only with the use of both left and right derivatives. So the spatial derivatives discussed in this
paper are the fractional Riesz-Feller potential operator, which includes the left and right Riemann-Liouville
fractional derivatives.

For0<a<2 ,a#1land |(9| < {a, 2 —a} , the quantum Riesz-Feller fractional derivative D, was
represented in the following form (see [6, 19]):

Definition 2.1.
D, u(x) = (c,Df +c_D*)u(x) 2.1)

where the coefficients c+ are given by

sin((a —6) ) sin((a +6) %)
c, =C,(,0) =_—2 c._=c (a,b) :_—2 (2.2)
sin(ar) sin(ar)
(DT = ("I (D7) = ()" (1 B)X) (23)

X dx

are the left-side and right-side Riemann-Liouville fractional derivativeswithx e R and a>0n—-1<a <

n,n = 1,2 Inexpressions (2.3) the fractional operators |£7a are defined as the left- and right-side of Weyl
fractional integrals, which given by

“ ) a L7 uE©
Ifu)(x) = — . (17u)(x) = — (2.4)
S e AR vt frmr
For o =1, the representation (2.1) is not valid and has to be replaced by the formula
Diu(x) = [cos(é’%) D! —sin(H%)D}u(x) 25)

. - (. . .
where D refers for the first standard derivative and the operator Do is related to the Hilbert transform as first
noted by Feller in 1952 in his pioneering paper [25]

Dju( = = [ Ue)g,
mdxd x—-¢&
We can naturally expand this definition to a variable-order quantum Riesz-Feller fractional
derivative Dg(%) for 0 < a(x) < 2, ¢(x) #1and ‘H(X) <min {a(x), 2—- a(x)}‘ as following
Definition 2.2 For

Dyeu(x) = (¢, DY +¢_D*™)u(x) (2.6)
sin((a/(x) — 8(x)) ©) sin((a(x) +0(x)) 7
¢, =c, (a(x),6(x)) = T 2. ¢ o=c (a(x).0) = R 207
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2.2 Right-shifted formula of Grunwald-Letnikov

The shifted Griinwald formula for discretizing the two-sided fractional derivative is proposed by Meerschaert
and Tadjeran [29], and it was shown that the standard (i.e., unshifted) Grinwald formula to discretize the
fractional diffusion equation results in an unstable finite difference scheme regardless of whether the resulting
finite difference method is an explicit or an implicit system. Hence, we discretise the Riesz-Feller fractional

derivative Dg U by the shifted Griinwald formula [29]:

If the spatial domain is [0, L] The mesh is N equals intervals of § = ﬁ and X, =10 for 0<1 <N, and
u(lo) =y,
1 1+1 N-I+1
Dru(x) = (S—CZZgJ.u,_j+1 +0(5) Dru(x) = - D gU, 4 +0(0) 111 (28)
j=0 1=0
Where the coefficients are defined by

90:1 gj:(_l).

Wealsohave g = (1— “_+1) j=1 . N1 (2.10)

(2.9)

In this paper, we consider the variable order fractional Schrodinger equation with the quantum Riesz—Feller

derivative that describes the wave function Y of a quantum particle that moves in a potential field in one
dimensional space with the potential V in the form:

oY (x,t)
ot

ih = Cppny MDFEIW (X, 1) +V (X, )W (x,1)  t>0, ¥(x,0)= f(x) xe[ol] (2.11)

=l 9,(x)=(- 1] a(X)(a(x) - 1) ......... (@(X)-j+1)

In this case

3 Discretization

Lette[0,T] A= M and P(X,t) =% .1t xe[0L]

b,
M
1 1+1 N-I+1

5_,1 C+,I,kzgj,l,k\yl—j+1,k +C_ 1k Z Ok Y +0(0)
j=0 j=0

3.1)

de(\ylk) (Cix0 :Ik_l_clkx alk)(\Plk)_

with C. 1, =C,00,8)  Cp=C00t) o =alx.t) 6,=00x1)

01, =0,0%.8) = (- ) a (X, t)(a(x,t) - 1)JI ...... (a(x,t)—J+1) )

Applying the usual approximation to a derivative on time and interpolation designs with extrapolation, as a result
we receive analog of Crank-Nicholson method in (2.11) [2]

ih% C,,. (MD" P (x,t,) +V (X, t)¥(x,t,) 3:3)

Ny -y C, Dk ++C Da'k‘P
ih I,k+1A Lk _ ket Bk T LK+ +V|YklP|’k (3.4)

2
where Vy\, =V (X, 1)
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LP|,k+1 - IP| k C DaIMKPIM +Ca| D‘;:I“P' K

A a1 Qs P X .
(ih A — = 5 +V ik
.1 @ 1 .1 @
2\ HIDAC, DI = (2- 2|AHV,]k)‘P,]k —ISAC, DY,
AC, 141 N=l+1
[P, g +1 ﬁ(cu,mz Ok Y1 ik TC Z OikaPijakea) =
ho =0 =0
1 ] ACa I+1 N-I+1
(2- 2|A—V|,k)lP|,k _IT(C+,I,kzgj,l,kwl—j+l,k +C ik Z gj,l,k\PHj—l,k)
h ho™* i—0 -0
) ACa 1+1
DZ\Pl,ku +1 W(C+,I,k+l(gowl+l,k+l + gl,l,k+1\PI,k+1 + z gj,l,k+1LPI—j+l,k+l) +
, =
N-I+1
C (90 pn + Ouipa Vi + Z gj,l,k+1‘PI+j—1,k+1)) =
j=2
1 ) A - 141
(2_ ZlAEVLk)\PLk _IW(C+,|,k(goT|+1,k + gl,l,k\PI,k +Zzgj,l,klpl—j+l,k)+
H
N—I+1
C i (G0 iak + Gy ¥in + Z gj,l,kqjl+j—l,k))
j=2
ACa hg %k 1+1
L (=20 Y. .+cC ¥ + Yoo+ A +
Q ) Wby ) 1h i 1L =J+L
h5 | kel ( AC 1,k+1 +,1 k+l(gO 1+1,k+1 gll k+1 & I,k+1 zg Ik+1 = 1—j+1, k+1)
Y @) k+1 j=2
N-I+1
C—,I,k+1(go\11|—1,k+1 + gl,l,k+llPI,k+1 + z gj,l,k+1qjl+j—1,k+1)) =
j=2
AC, ho %« 1 141
—i—(2i A-iA=V, )Y,  +C 1 Q¥ 1k T 9 Vi £ 0 Y )+
o ACa.‘k h 1k Tk 1k \Ho Tk 11k Tk ]Z:;, Bk Ti—je1k
N—I+1
C (9o ax 9 in + Z gj,l,k\PHj—l,k))
j=2
Si B =—=
I,k 5
. hé‘al,kﬂ 1+1
B (=21 F\PLM +C O Vika 8 ka9 Yipa + C+,I,k+1z Uik Vi juna)
Q| k41 j=2
N-I+1
C—,I,k+lgOLPI—l,k+l + C—,I,k+1gl,l,k+l\Pl,k+l + C—,I,k+1 Z gj,l,k+1\PI+j—l,k+l)] =
j=2
. hé‘al,k . 1 1+1
,Bl,k [_2| AC (1_IHAVI,k )\Pl,k _C+,I,k gOTI+l,k _C+,I,k gl,l,klPI,k _C+,I,kzgj,l,kl{ll—j+l,k)_
Ak j=2

N-I+1

C—,I,k+1go\PI—l,k _C—,I,k+1gl,l,k+l\Pl,k _C—,I,k+l Z gj,l,k\PHj—l,k))]
j=2
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make m=j-1,

. h5al,k+1 |
Dﬂl,kﬂ[_z' C \Pl,k+l + C+,I,k+1 gOlPIJrl,kJrl + C+,I,k+lgl,|,k+lqll,k+l + C+,I,k+l gZ,I,kJrl\PI—l,kJrl + C+,I,k+1 Z gm+l,|,k+1LPI—m,k+l

A k41 m=2
N-I
C—,I,k+1g0\PI—1,k+l + C—,I,k+1gl,l,k+1\PI,k+l + C—,I,k+1gZ,I,k+l\Pl+l,k+1 + C—,I,k+lz gm+l,|,k+l\PI+m,k+1] =

m=2

. ho“« 1 !
B [-2i F(l_ IAHVI,k Mok =Cok 0¥k = Corn G ik = CoiwGanc ¥k —Cor z Onerik ¥imi) —
m=2

)k
NI
C—,I,k gO\PI—l,k _C—,I,k gl,l,kLPI,k _C—,I,kgz,l,k\PHl,k _C—,I,k z gm+1,|,k+l‘PI+m,k+l]

m=2

. hé‘al,kﬂ
Dﬂl,I<+1[(C-¢-,I,k-*—lgz,l,k-#l + C—,I,k+1go)\Pl—l,k+1 wie (C+,I,k+lgl,l,k+1 e C—,I,k+1gl,l,k+l - 2'

)\Pl,k+1 +

A k41
| N-I
+(C+,I,k+l gO + C—,I,k+l gZ,I,k+l)\PI+1,k+l + C+,I,k+l Z gm+l,|,k+llPI—m,k+l) G +C—,I,k+l Z gm+1,l,k+l\PI+m,k+l] =

m=2 m=2

_hg“* o1
Bracl=C.ixDann +Ci90) Y ink = (Coe o + i Guin + 2'?(1_ 'Aﬁvl,k DY, -

4 k

| NI
(C+,I,k gO + C—,I,k gZ,I,k )\Pl+l,k - C+,I,k z gm+l,|,k\PI—m,k) . C—,I,k Z gm+1,|,k+1\PI+m,k+1]
m=2 m=2

N-I

-2
aI,I<+1LPI—1,I<+1 + dl,k+l‘P|,k+1 + bI,k+llPI+l,k+1 + IBI,k+1C+,I,k+l Z g—m+l,|,k+1qjl+m,k+1 + IBI,k+1C—,I,k+12 gm+1,|,k+llPI+m,k+l) =

m=-1 m=2

= NI
BCTEIEPRI TS SPEH R SR e Z 9 moaik Vimk T BiCp Z Otk Framic)

m=—| m=2

where &, = B, (C,; Do1x +C1. o) Bk =Bk (€ o +C 13 To i)

. h5“*

d.=4.(c +C L DT 7
1.k ﬂlk( +1.k gl,l,k — 1.k gl,l,k AC )

Ak

ho“ 1
(1_ 'Aﬁvl,k)]

(3.5)

Cow = BlCyiOure TC 1 Gy 20

) k

Here we try to solve this problem in the finite domain [0,L] with boundary conditions for t>0,
w(0,t) =¥(L,t)=0ie Vo =¥y, =0. P(x,0)=f(X)ie ¥, = () (36
We write (3.5) for | =1,........ ,N-1:
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2 NI
CYAPE SIS IS STV S VS SIS £ I R Z 9 menike Vramper + ﬂl,k+1c—,l,k+lz Ok Yiimeer) =
m=—| m=2
2 Nl
=@ ¥ 0 0+ BC Z 9 maik Yismp T BkCs Z Ik Vrom)
m=-1 m=2
=1
N-1 N1
PR SRS IS SIS PR Z Omeazker Vrompen = ~Cox Pix ~ 0 War = B sk Z Omeaak Viami
m=2 m=2
1=2
N-2 N-2
CHE ST L OIS SIS DS SO ﬂz,k+1c—,2,k+lz Oz ¥ ormier = =8k Vi = Cox Waor =00y Way = BornCook Z (PP S
m=2 m=2
=3
N-3
ﬂS,k+1C+,3,k+lg3,3‘k+1l¥1,k+l + a3,k+1LP2‘k+1 + d3‘k+1q13,k+1 + bS,k+llP4,k+1 + ﬂ3.k+lc—,3,k+l Z gm+1‘3,k+1\113+m,k+1 =
m=2
N-3
~BakC,axBaak Vi — Ak Yok = BarCox Vi = Box Pax = BakC_sx Z Ominaket Y
m=2
=4
N-4
ﬂA,k+1C+,4,k+1gA,4,k+1lP1,k+l + ﬂ4,k+lc+,4,k+1gS,4,k+llP2,k+1 + a4,k+1\.P3,k+1 + d4,k+1qj4,k+1 + b4,k+1q15,k+1 + ﬂ4,k+1c—,4,k+1 Z gm+1,4,k+1\P4+m,k+1 =
m=2

N-4
“BarCrarTaak Yk — BarCrakTsax Yo =8k Yax = BurCos Yax —0i¥si = BukCoux z Orminake T aimk
m=2

BixiaCe ka9 ke Vikor  BrkaaCoiokn Uit kot L anor toe T BrpaaCe jin s jnen ¥ ookt
N-j
SL:TIPE SUPIE 1 SVE S PE SR S z Orer ket T jampes =

m=2

_ﬁj,kc+j,kgj,j,k+1'{jl,k _ﬂJ,kCJr,j,kgj—llPZ,k +"‘_ﬁj,kc+,j.kg3,j,klpj—2,k
N-j

_aj,k\Pj—l,k _Cj,kle,k _bj,kle+1,k _ﬁj,kc—,j,k Z gm+1,j‘k+1\P
m=2

[=N-2

ﬂN—Z,k+1C+,N—2,k+1gN—2,N—2,k+1qjl,k+1 + ﬂN—Z,k+].C+,N—2,k+1gN—3,N—2,k+1‘{]2,k+1 +o.t ﬂN—2,k+1c+,N—2,k+1g3,N—2,k+1\PN—4,k+1
+aN—2,k+1\IJN—3,k+1 + dN—Z,k+1\IJN—2,k+l i bN—Z,k+1‘{JN—1,k+1 =

_ﬁN—Z,kCﬁN—Z,k gN—Z,N—Z,kJrl\Pl,k - ﬁN—Z,kC+,N—2,K ngsqlz,k G 000 ﬂN—Z,kC+,N—2,k+1g3,N—2,klPN—4‘k
_aNfZ,klPNfS,k - Cmfz,kqjmfz,k - beZ,k\IJN—l,k
[=N-1

ﬂN—1,k+1C+,N—1‘k+1gN—1‘N—1,k\Pl‘kﬂ + ﬁN—l,k+1C+,N—1‘k ngz,Nfl,n&LPz,m Tt ﬁNfl‘k+1C+ gS‘N—l,kJrl\PN—S‘k +

aN—l,k+1\PN—2,k+1 + dN—l,klPN—l,k+1 =

_IBN—l,kC+,N—1,kgN—l,N—l,klPI,k _ﬂN—l,kC+,N—1,kgN—Z,N—l,quZ,k _---_:BN-1,|<C+ g3,N—2,k\PN—3,k -
aN—l,k\{lN—Z,k _CN—l,k\PN—l,k
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Scheme (3.5) with the boundary condition (3.6) can be written after some simplification in the matrix form as:

12862

lek+l —

Akt — Bhgpk <k <N -1

\Pl,k+1

P= ¥,

wWww.ijariie.com

(3.7)
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ﬂl,k+1c—,1,k+1 g N-1,1k+1

Ak+1 —

12862

www.ijariie.com

dl,k+1 b1,k+1 ﬂl,k+1c—,1,k+1g3,1,k+1
a2,k+1 d2,k+1 b2,k+1 ﬂz,k+1c—,2,k+193,2,k+1 ﬂz,k+1c—,2,k+1gN—2,2,k+1
ﬂ3,k+1c+,3,k+1g3,3,k+1 a3,k+1 d3,k+l b3,k+1 ﬂ3,k+lC—,3,k+1g3,3,k+l ﬂ3,k+1c—,3,k+lgN—3,3,k+1
ﬂ4,k+lc+,4,k+1g4,4,k+l a‘4,k+1 d4,k+l b4,k+1
bN -3k+1
ﬁN —2,k+1C+,N—2,k+1gN—2,N—2,k+l dN—2,k+1 bN—2,k+1
_IBN—l,k+1C+,N—1,k+1gN—2,N—2,k+1 a‘N—l,k+1 dN—l,k+1
Cu b BC ok Tau B 1k 1k
a2,k CZ,k b2,k ﬂZ,kC—,Z,kg&Z,k IBZ,kC—,Z,ng—Z,Z,k
ﬂs,kc+,3,k g3,3,k as,k CS,k b3,k 183,kc—,3,k 93,3, ﬂs,kc—,&ng—S,s,k
R A Ca b, '
bN—3,k
ﬂN —2,kC+,N—2,k gN—2,N—2,k CN—2,k bN -2,
| P Inzn-ax Ay 1k Cnak |
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4 Numerical simulations
To demonstrate the effectiveness of the method, we present one numerical examples, and, we will compare our
numerical results with those obtained using the exact solution
4.1 Example
Consider the space fractional Schrodinger equation with the quantum Riesz-Feller derivative with potential v. see
[3]

oY (x,t)

. —iD; P (x, ) =iV, )W (X, t) (4.1)
O<x<2r; 0<t<l;l<a(xt)<2anda(xt) =15+¢ 00 ;0(t,x) =0.2
v(x,t) = % + cos(x — M)

with a initaial condition :
Y(x) =sinx Y¥(0,t)=¥(2x,t)=0

where the exact solution is :
e
Y(x,t)=sinxe 2
4.2 Remark
- It’s reduce form of Schrodinger equation
- For a discretization we take N=10
4.3 Progamming under Matlab

L=input{"=simlation of x L="}
H=input("discret N=")
deltax=Lfﬁ

T=input ("'similation of t T="}

deltat=(T/L) *deltax

teta=input ("=kewness teta=")

C=input ('constant C=')

‘h=input('p;a:ck h=")

kO=1

for 1=1:H-1

alp=1.540.5%{1/expil))
clO(l)=(zin|(((alp-teta) *(pi/2)) ) =inialp*pi))
c20(1)=(=in( (| (alp+teta)* (pi/f2)))  sin(alp*pi))
cpl=1;

VO (1)=3/242% (cos((deltax*l)—-(teca®pi/2) ) ) 3in(deltax*1)

for j=1:H

g0(3,1)=(1-(1+alp)/J) *cpl:

cpl=gl(j,1):

end
gl=cpl
a0 (1)={cl0(1)*g0(2,1)+c20(1)*gl)/ (deltax) ~alp
BO{l}=(cl0(1)*gl+c20{1)*g0{2,1})}/ (deltax) ~alp
d0 (1) ={c10 (1) *g0 (1,1) +c20 (1) *g0 (1,1)
-(2*1i*( (deltax).”alp) *h)/ (deltcatc*C) )/ (deltax) ~alp
€O (1)=(cl0 (1) *g0(1,1)+c20(1)*g0(1l,1)+2*1i*nh*
({deltax).”alp/deltat*C)* (1-1i*deltatc*V0 (1) /h) )/ (deltax) ~alp
end

12862 wWww.ijariie.com 1437



Vol-6 Issue-5 2020 IJARIIE-ISSN(0)-2395-4396

BO=zeros (N-1,H-1})
for m=1:H-1
BO (m, m)=-c0 (m}

end

for j=1:N-2
BO(j,3+1)=-bB0O(3)
end
for n=3:H-1
for m=1: (N-1)-(n-1)
BO(m,m+n-1})=-(c20(m} ) *g0 (n,m)
end
end
for j=2:H-1
BO(j,3-1)=-a0(3)

end

for n=3:N-2
EO(M-1,1)=(-cl0(N-1)*g0(N-1,H-1))/ (deltax)"~alp
Bﬂinrljf(—clﬂin]“gﬂ(n,n]]ﬁ(deltax]“alp

for w=1: (H-1)-n

BD[n+m,1+m]f[—c10[n+m]“gD(n,n+m]]f{deltax]“alp

end

end

for k=1:H

for 1=1:H-1

alpha(l,k)=1.5+0.5% (1/exp (+(1l*deltax*k~*deltat) “2+1))
Eggil,k]flfideltax]“alphail,k]
clil,k)={=sin{((alpha(l,k)-teta)*(pi/2)))/sin(alpha(l, k) *pi))
c2(l,k)=(sin(((alpha(l,k)+teta) *(pi/2)))/sin(alpha(l, k) *pi))
cpl=1;

Vil)=3/2+2*% (cos((deltax*l) - (teta*pi/2)) ) /sin(deltax*1)

for j=1:H

g(i,1,k)=(1-({1+alpha(l,k)/j)) *cpl:

cpl=g(i,1):

end
gl=l
a(l,k)=bet(l,k)*{cl(l,k)*g(2,1,k)+c2(1,k)*gl)
b(l,k)=bet(1l,k)*(cl(l,k)*gl+c2 (1, k)*g(2,1,k))
d(l,k)=bet(1,k)*(cl(l,k)*g(l,1,k)+c2(l,k)*g(1,1,k)+
(2%1i*((deltax)."alpha(l, k) *h)/ (deltat*C)})
c(l,k)=bet(l,k)*({cl(l,k)*g(l,1,k)+c2 (1, k) *g(l,1,k)+
2*1i*h* ((deltax)."alpha(l,k)/deltat*C)* (l-li*deltat*V(1l)/h))
end
end
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for k=1:H
B(:,:;,kK)=zeros (N-1,H-1)
for m=1:H-1
Bim,m,k)j=—c(m, k)
end

for j=1:H-2
B3, j+1,k)=-bB(3, k)
end
for n=3:H-1
for m=1: (H-1)-(n-1)
BEmmin-1,k)=-bet(m, k)*({(c2(m k))*gin,m k)]
end
end
for j=2:H-1
B3, j-1,kl=-a(d, k)
end
for n=3:H-2Z
B(N-1,1,k)=-bet (H-1,k)*(cl(HN-1,k)*g(N-1,H-1,k))
Bin,l,kl=-bet(n, k)*(clin, ki*g(n,n,k))
for m=1: (H-1)-n
Bin+m,1+m, k)=-bet (n+m, k) * (cl (n+m, k) *g(n,n+m, k) )
end

end

end
for =1:H

B(:,:,kK)=zeros (H-1,H-1)

for m=1:HN-1
A(m,m, k)=d(m, k)
end

for j=1:HN-2
B{j,i+1,k)=b(1l,k)

end

for n=3:H-1

for 1=1: (H-1)-(n-1)
B(l,1+n-1,k)=bec(l,k)*{ic2{l,k))*g(n,m,k))

end

end

for 1=2:H-1
Lij,i-1,kj=a(l, kK]

end
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for n=3:N-2
AN-1,1,k)=bet(l,k)*({cl{l, k)*g(HN-1,H-1,k))
Aln,1,k)=bet(l,k)*(cl(l,k)*g(n,n, k))
for m=1: (H-1)-n
L(n+m, 14m, k)=bet(l,k)*(cl(l,k)*g(n,n+m, k) )
end
end

Eﬂdl

for 1=1:H-1
TJ{l)=zin(deltax~l)
vo=u"

end

v=zeros (N-1,H-1)
Bl{:,:,1)=B0O

vie, L)=R(:,:,1)N\BL(:,:,1)*v0
for ==1:H-1

vii,3+1)=R(:,:, 3+ \B(:,:,3)%v(:,3)
end
for k=1:H-1

for 1=2:H
W{l,k)=0
Wil,k)=v(l-1,k)
W(H+1,k)=0

end

for 1=1:H+1
Wl(l,k)j=real(W(l,k))
W2 (l,k)j=imag(W(l, k))
51(1l,k)=abs(W(l,k))

end

end

Xx=[0:deltax:L]

v=W1l(:,k0)"

plot(x, v, "*")

hold on
vi=zin(x) *cos( (3* (kO*deltcat) /2))
plot(x,vl,'c’

figure(2)

r=W2{:,k0)"

plotix,r,"*")

hold on
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ri==zin(x) *=2in( (-3% (k0*deltat)/2))
plot(x,xl,"z")

figure (3}

p=51(:,k0)

plot (X, 0, """}

hold on

pl=abs (sin (x))

plot(x,pl,"z")

4.4 Results of the programming/ Graphicals representations

Real part at t=0,1 im part at t=0,1
1 T T T T T T 05 T T T T T T
- * —
n +  approximation +  approximation
08 exact - + exact I
0.6 b 0.3 + b
04 \ 1 - +
02f 01k + ~_
qu k * Oﬂ\ / \
\ / 0.1 ~
-0.2f \ / 1 = ~ /
041 \ / - 0.2 *
\ /
0.6 * 7 J 0.3
\\ // *
o8- \ / 1 + *
\& / *
1 ST S S 3 T2 3 4 s & 1
0 1 2 3 4 5 6 7 7
X
Modulus at t=0,1
1.4 T T T T 3 3
#  approximation
aalR exact
+
1F +  * b
—% / \
// \\ / \
/ \ / \
0.8 / \ / \ -
// \\ // \\
+/ \ +/ \
/ \ / \
0.6 / \ / \ i
/ * / *
0.4 Jj" \\\ Jf" \\\ bl
0.2/ \ o/ \ b
/ ﬂ, \
0 r r V r c c \*
0 1 2 3 4 5 6 7

5 Conclusion

In this paper, the shifted Griinwald-letnikov is used to solve the problem . An axample is given. There may be
other questions to answer that we may see next time All results in this paper are obtained using MATLAB
(2013a).
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