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ABSTRACT 

A subset D  of )(GV  is called an equitable dominating set of a graph G  if for every )( DVu  , there 

exists a vertex Dv  such that )(GEuv  and 1)deg()deg(  vu . An equitable dominating set D  is said 

to be an end equitable dominating set of G  if D  contains all the end vertices of graph G . In this paper, we 

discuss the domination and equitable domination numbers of the graphs such as square of a cycle
2

nC , complete-

path-complete mnm KPK 2 , cycle-path-cycle mnm CPC 2 , line graph )( 2 mnm CPCL   and prism 2,nY  and end 

equitable domination number of graph  in subdivision of jellyfish )),(( nmJS . 

Keywords: Domination number; equitable domination number; end equitable domination number. 

 

 1. INTRODUCTION 

All the graphs considered here are finite, undirected with no loops and multiple edges. A graph G  consists 

of a pair ),( EV  where V is a non-empty finite set whose elements are called vertices or nodes and E  is a set of 

unordered pairs of distinct elements of V . The elements of E  are called edges of the graph  G . The degree of a 

vertex of a graph is the number of edges incident to the vertex, with loops counted twice. The degree of a vertex v  

is denoted by )deg(v . The maximum and minimum degree of a graph is denoted by )(G  and )(G  

respectively. )(vN and ][vN  denote the open and closed neighborhoods of a vertex v  respectively. A vertex 

Gv  is called pendant vertex or end vertex of G  if 1)deg( v . An edge of a graph is said to be pendant if one 

of its vertices is a pendant vertex. For graph theoretic terminology we refer to Chartrand and Lesniak [4]. 

  The rigorous study of dominating sets in Graph theory began around 1960. According to Hedetneimi and 

Laskar (1990) [8], the domination problems were studied from the 1950’s onwards, but the rate of research on 

domination significantly increased in the mid 1970’s. In 1958, Berge [1] defined the concept of the domination 

number of a graph called as “coefficient of external stability”. In 1962, Ore [15] coined the name “dominating set” 

and “domination number” for the same concept. In 1977 Cockayane and Hedetneimi [5] made an interesting and 

extensive survey of the results known at the time about dominating sets in graphs [7], [14]. They have used the 

notation )(G for the domination number of a graph, which has become very popular since then [3]. The survey 

paper of Cockayane and Hedetniemi [5] has generated lot of interest in the study of dominating sets in graphs. 

Recent books on domination, have stimulated a sufficient inspiration leading to the expansive growth of this field to 

study. The domination number for the helm graph nH  and web graph nW  were found by Ayhan A. Khalil [10]. 

The domination and equitable domination number for the friendship graph nF  and windmill graph ),( nmWd  

were proved by Dr. C S Nagabhushana et al. [13]. The domination and equitable domination number for the book 

graph nB  and stacked book graph nB ,3  were proved by Kavitha B N and Indrani Kelkar [9].   
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The concept of equitable domination number in graphs was introduced by Swaminathan et al. [16] by 

considering the following real world problems such as network nodes with nearly equal capacity may interact with 

each other in a better way, in our society persons with nearly equal status, tend to be friendly, in an industry, 

employees with nearly equal powers form association and move closely, equitability among citizens in terms of 

wealth, health, status etc is the goal of a democratic nation. The end equitable domination number in graph has 

introduced by J.H.Hattingh and M.H.Henning [6]. The end equitable domination results are proved by K. B. Murthy 

and Puttaswamy [11],[12]. 

2. DEFINITIONS AND NOTATIONS 
 

 In this section we recall some of basic definitions in literature which will be useful for our present work. 

Definition 2.1: [2], [17] A set D  of vertices in a graph ),( EVG   is called a dominating set of G , if every 

vertex in DV   is adjacent to some vertex in D . The domination number )(G of a graph G  is the minimum 

cardinality of the dominating set in G .  

Definition 2.2: A subset  D  of )(GV  is called an equitable dominating set of a graph G  if for every 

)( DVu  ; there exists a vertex Dv  such that )(GEuv  and 1)deg()deg(  vu . The minimum 

cardinality of such a dominating set is denoted by )(Ge  and is called equitable domination number of G . 

Definition 2.3: If a vertex Vu  be such that 2)deg()deg(  vu  for all )(uNv , then u  is called an 

equitable isolate vertex. 

Definition 2.4: An equitable dominating set  D  is said to be an end equitable dominating set of G  if D  contains 

all the end vertices of graph G . The minimum cardinality of an end equitable dominating set is called the end 

equitable domination number of  G  and is denoted by )(Gee . 

Definition 2.5: The line graph of G , written )(GL , is the simple graph whose vertices are the edges of G , with 

))(( GLEuv  when u  and v  have a common end vertex in G .A path is a trail in which all vertices (except 

possibly the first and last) are distinct. A trail is a walk in which all edges are distinct. A walk of length k  in a graph 

is an alternating sequences of vertices and edges such as kk veevev ,,...,,,, 11100   which begins and ends with 

vertices. The path on n  vertices is denoted by nP . nP  is a path of length 1n . 

Definition 2.6: For a simple connected graph G  the square of a cycle graph G  is denoted by 
2G  and defined as 

the graph with the same vertex set as of G  and two vertices are adjacent in 
2G  if they are at a distance 1  or 2  

apart in G . A cycle-path-cycle graph is the graph that can be obtained from a cycle mC   of two copies with each of 

these cycles are attached with initial and final vertices of path nP , the resulting graph is denoted by mnm CPC 2 . 

Definition 2.7: A complete graph is a graph in which every vertex is adjacent to each of the other vertices in the 

given graph. We represent a complete graph with m  vertices using the symbol mK . Note that every complete 

graph is a regular. However the converse is need not be true. A complete-path-complete graph is the graph that can 

be obtained from a complete graph mK  of two copies with each of these complete graphs are attached with initial 

and final vertices of path nP , the resulting graph is denoted by mnm KPK 2 . 

Definition 2.8: A prism graph 2,nY  is defined as the graph of Cartesian product nCK 2 , where 
2K  is the 

complete graph on two nodes and nC  is the cycle graph on n  nodes. As a result, it is a unit distance graph.  
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Definition 2.9: A G  is a graph that can be obtained from G  by subdivision of each edge of G  is called the 

subdivision of a graph G  and it is denoted by )(GS .  

Definition 2.10: The jellyfish graph ),( nmJ  is obtained from a 4-cycle 4321 ,,, vvvv  by joining 
1v  and 3v  with 

an edge and appending m  pendant edges to 
2v  and n  pendant edges to 

4v . 

Definition 2.11: The floor function of a real number x  is the greatest integer less than or equal to x  and it is 

denoted by  x . Suppose that 1 nxn , where n  is an integer, then   nx  .  

Definition 2.12: The ceiling function of a real number x  is the lowest integer greater than or equal to x  and it is 

denoted by  x . Suppose that nxn 1 , where n  is an integer, then   nx  . 

3. INTRODUCTION ON NEW RESULTS 

In this one formally we prove the graphs such as square of a cycle
2

nC , complete-path-complete

mnm KPK 2 , cycle-path-cycle mnm CPC 2 , line graph )( 2 mnm CPCL   and prism 2,nY  are domination and 

equitable domination number of graphs and end equitable domination number of graphs in subdivision of jellyfish 

)),(( nmJS . 

4. DOMINATION & EQUITABLE DOMINATION NUMBERS OF GRAPHS        Theorem 4.1 For any 

square of a cycle graph 
2

nC , the domination and equitable domination number is 








5

n
, where 3n . 

Proof.  

 Let 
2

nCG   be a square of a cycle graph
 
on n  vertices and n2  edges where 3n  and let D  be a 

dominating set of the graph G . Clearly any minimum dominating set of the graph G  must contain the vertices 

from the set },...,,{ 21 nvvv  . 

 

  

 

 

 

             

 

 

 

 

Fig. 4.1. Square of a cycle graph 
2

nC  
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Notice that for every consecutive five vertices, the middle vertex dominates the remaining vertices. Hence 











5
)(

n
G . 

 In 
2

nC , degree of all vertices are equal, so if we select any one vertex from the set },...,,{ 21 nvvv  it will 

dominate the nearby 4 vertices, but the graph G  has no equitable isolated vertex. So minimum dominating and 

minimum equitable dominating set is the same. 

  Hence 









5
)()(

n
GG e . 

Example 4.2  

Let us find the domination and equitable domination number of square of a cycle graph 
2

6C  is shown in Fig. 4.2.            

Fig. 4.2. Square of a cycle graph 
2

6C  

 

 

 

 

 

        

         

 

 

 

 

 

In this graph, the minimum dominating and minimum equitable dominating set is },{ 41 vvD    and so 

2
5

6
)()( 








 GG e . 

Theorem 4.3  

For any cycle-path-cycle graph mnm CPC 2  the domination and equitable domination number is  

  )()( GG e
   








 








 


3

2

3

3
22

nm
, if 3m  or 0,5  nm . 

         






 


3

2
2

n
, if 4m  and 0n . 
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Proof. 

Case 1. Let 3m  or 5m , 0n . 

 Let mnm CPCG 2  be a cycle-path-cycle graph on nm2  vertices and 12  nm  edges. The graph 

G  has no equitable isolated vertex and )()deg()deg( 11 Guv  . Then any minimum dominating set of G  

must contain the vertices 
1v  and 

1u . 

To minimize the size of the dominating set we will select 
1v  and 

1u  as two elements.
 

mnm CPC 2 graph The 4.3. Fig
 

       
 

1v  will dominate the vertices 
'
1u  and },{ 2 mvv , 

1u  will dominate the vertices 
'
nu  and },{ 2 muu . 

We know that the domination number of a cycle graph m  is 








3

m
. 

 That is 









3
)(

m
Cm . 

Since any two adjacent vertices in G  are also equitable adjacent vertices. 

 In G , for any minimum equitable dominating set, 
1v  is equitable dominating with vertices 21 ,' vu

 
and mv  

& also 
1u  is equitable dominating with vertices 2,' uun  and mu . Thus, the dominating and equitable dominating set 

is the same. 

 

  Hence )()(22)()()(2)()( 23233   nmnmm PPPPPGG e   

     






 








 


3

2

3

3
22)()(

nm
GG e . 

Case 2. 

 Let 4m  and 0n . 
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  Fig 4.4. The graph 424 CPC n  

Instead of selecting 
1v  and 

1u  if we select the vertices 3v  and 3u , we will minimize the domination 

number and equitable domination number. 

 In this case 
'},{ 33 DuvD  , where 'D  Dominating set of 2nP . 

 Hence 






 
 

3

2
2)(2)()( 2

n
PGG ne  . 

Example 4.4 Let us find the domination and equitable domination number of graph 666 CPC  is shown in Fig. 4.5. 

 

 

    

Fig. 4.5. The graph 666 CPC  

In this graph, the minimum dominating and minimum equitable dominating set is 

5},,,,{ '
24141  uuuvvD and so 5)()(  GG e . 

  

Theorem 4.5 

For any cycle-path-cycle graph G  be the line graph of mnm CPC 2 . That is )( 2 mnm CPCL  , the 

domination and equitable domination number is                 

 )()( GG e
   








 








 


3

2

3

2
22

nm
, if 3m  or 0,5  nm . 

       






 


3

2
2

n
, if 4m  and 0n . 

 

Proof. 

Case 1. Let 3m  or 5m  and 0n . 
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Let )( 2 mnm CPCLG   be the line graph of cycle-path-cycle on 22  nm  vertices and 32  nm  

edges where 0,3  nm . G  has no equitable isolated vertex and there are six vertices with maximum equitable 

degree )()deg()deg()deg()deg()deg()deg( 121211 Guuvvuv mm   . Then any minimum 

dominating set of G  must contain the vertices 
1v  and 

1u . 

  

 

 

    

 

Fig. 4.6. The graph )( 2 mnm CPCL   

To minimize the size of the dominating set we will select 
1v  and 

1u  as two elements. 

 
1v  will dominate the vertices 

'
1u  and },{ 12 mvv , 

1u  will dominate the vertices 
'
nu  and },{ 12 muu . 

We know that the domination number of a cycle graph 1mC  is 






 

3

1m
. 

 That is 






 


3

1
)( 1

m
Cm .  

Since any two adjacent vertices in G  are also equitable adjacent vertices. 

 In G , for any minimum equitable dominating set, 
1v  is equitable dominating with vertices 21 ,' vu

 
and 

1mv  & also 
1u  is equitable dominating with vertices 2,' uun  and 1mu . Clearly all the vertices in G  satisfies 

equitable adjacent. Without loss of generality we will select 
1v  and 

1u  to the both minimum dominating and 

minimum equitable dominating set. Therefore, the domination and equitable domination number is the same.  

  Hence )()(22)()()(2)()( 22222   nmnmm PPPPPGG e   

              






 








 


3

2

3

2
22)()(

nm
GG e . 

Case 2. Let 4m  and 0n .  

Instead of selecting 
1v  and 

1u  if we select the vertices 3v  and 3u , we will minimize the domination 

number and equitable domination number. Fig. 4.7. The graph )( 424 CPCL n  
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In this case 
'},{ 33 DuvD  , where 'D  Dominating set of 2nP . 

Hence 






 
 

3

2
2)(2)()( 2

n
PGG ne  . 

Example 4.6  

 Let us find the domination and equitable domination number of graph )( 555 CPCL  is shown in Fig. 4.8. 

 

 

 

     

 

Fig. 4.8. The graph )( 555 CPCL  

In this graph, the minimum dominating and minimum equitable dominating set is 

5},,,,{ '
24141  uuuvvD and so 5)()(  GG e . 

Theorem 4.7 

For any complete-path-complete graph mnm KPK 2 , the domination number is 






 


3

2
2

n
, where 

0,2  nm . 

Proof. 

Let mnm KPKG 2  be a complete-path-complete graph on nm2  vertices and )1(
2

)1(
2 







 
 n

mm
 

edges where 0,2  nm . Note that G  has no equitable isolated vertex and )()deg()deg( 11 Guv  . Then 

any minimum dominating set of G  must contain the vertices 
1v  and 

1u .                             
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 Fig. 4.9. The graph mnm KPK 2  

 

 

To minimize the size of the dominating set we will select 
1v  and 

1u  as two elements. 

 
1v  will dominate the vertices 

'
1u  and },...,,{ 32 mvvv , 

1u  will dominate the vertices 
'
nu  and 

},...,,{ 32 muuu . 

We know that the domination number of a complete graph is one. 

 That is 1)( mK  for any positive integer m . 

 Hence 1
3

2
1)()()()( 2 







 
 

n
KPKG mnm   

      






 


3

2
2)(

n
G .  

Theorem 4.8 

For any complete-path-complete graph mnm KPK 2 , the equitable domination number is 









3
2

n
, where 

0,4  nm . 

Proof. 

 Let mnm KPKG 2  be a complete-path-complete graph. 

Any two adjacent vertices in mK  are equitable adjacent vertices and any two adjacent vertices in 2nP
 

except the initial and final vertices of 2nP  are also equitable adjacent vertices. 

 In G , there is no equitable isolated vertex and )()deg()deg( 11 Guv  . Then any minimum 

equitable dominating set of G  must contain the vertices 
1v  and 

1u . However 
1v  is not equitable dominating 

'
1u  

and 
1u  is not equitable dominating 

'
nu . Clearly the vertices in G  satisfies equitable adjacent. 

 From Fig. 4.9, 
1v  will dominate },...,,{ 32 mvvv  and 

1u  will dominate },...,,{ 32 muuu  vertices.  
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 Hence 1
3

1)()()()( 









n
KPKG mnme   

     









3
2)(

n
Ge . 

Example 4.9 Let us find the domination and equitable domination numbers of graph 565 KPK  is shown in Fig 

4.10. 

 

 

 

   

Fig. 4.10. The graph 565 KPK  

In this graph, the minimum dominating set is 3
3

24
2},,{ '

211 






 
 uuvD  and so 3)( G

 

and the minimum equitable dominating set is 4
3

4
2},,,{ ''

4211 







 uuuvD  and so 4)( Ge . 

Remarks 4.10  

 In the case of complete-path-complete graph mnm KPK 2 , when  02,  nm , the minimum 

dominating and minimum equitable dominating set is the same. i.e., 






 


3

4
)()(

n
GG e . If 03,  nm , 

the minimum dominating and minimum equitable dominating set of complete-path-complete graph mnm KPK 2  

and cycle-path-cycle graph mnm CPC 2  are the same. 

Theorem 4.11 

For any prism graph 2,nY , the domination and equitable domination number is 






 








 

4

3

4

2 nn
, 

where 2n . 

Proof. Let 2,nYG   be a prism graph on n2  vertices and n3  edges where 3n  and let D  be a dominating 

set of the graph G . Clearly any minimum dominating set of the graph G  must contain the vertices from the set 

},...,,,,...,,{ '''
2121 nn vvvvvv . 
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Fig. 4.11. Prism graph 2,nY  

Notice that for every vertices in both inner and outer cycle if we choose any one vertex from the above set 

it will dominate the nearby 3 vertices. So we will proceed like this, remaining few vertices which are dominated by 

our required vertex. Hence 






 








 


4

3

4

2
)(

nn
G . 

 In 2,nY , degree of all vertices are equal and G  has no equitable isolated vertex. So, minimum dominating 

and minimum equitable dominating set is the same. 

  Hence 






 








 


4

3

4

2
)()(

nn
GG e . 

Example 4.12 

Let us find the domination and equitable domination number of prism graph 25,Y  is shown in Fig. 4.12. 

 

 

 

                                                   

                                                    

 

 

 

Fig. 4.12. Prism graph 25,Y  

In this graph, the minimum dominating and minimum equitable dominating set is 3},,{ ''
431  vvvD

 

and so 3)()(  GG e . 

5. END EQUITABLE DOMINATION NUMBERS OF GRAPHS 
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Theorem 5.1. For a subdivision of jellyfish graph )),(( nmJS , the domination number is 2m n  , the 

equitable and end equitable domination number of )),(( nmJS is 4 nm , where 2, nm .  

Proof. Let G  be the subdivision of jellyfish graph ),( nmJ  and it has 922  nm  vertices and 

1022  nm  edges. 

In any dominating, equitable dominating and end equitable dominating sets, the vertices vu,  must be 

included, since )()deg()deg( Gvu  . Out of the vertices a, b, c, d, ew,  and x , the vertex ‘w’ and ‘x’ 

dominates a, b, c, d & e. 

 Hence the set 
' ' ' ' ' '

1 2 1 2{ , ,..., , , ,..., , , }m nD u u u v v v w x  is a minimum dominating set for the graph G , 

that means the set D  will dominate all the other vertices in G . 

( ) 2G m n    .
 

Now the set of equitable isolated vertices },...,,,,...,,{ 2121 nm vvvuuuE   must be included in any 

minimum equitable and minimum end equitable dominating set and these vertices will equitable dominate the set of 

vertices as },...,,,,...,,{ ''''''
2121 nm vvvuuu . If we choose the vertices w  and x , it will dominate the vertices 

dcba ,,,  and e . 

 

    

 .             Fig. 5.1. Subdivision of jellyfish graph )),(( nmJS  

Hence the set },,,{ xwvuE   is a minimum equitable and minimum end equitable dominating set, since 

u  and v  are equitable isolated vertices. So )()deg()deg( Gvu  . 

44)(},,,{)()(  nmnmxwvuEGG eee  . 

Hence 4)()(  nmGG eee  . 

Example 5.2. The subdivision of jellyfish graph ))3,4((JS  is shown in Fig. 5.2. 

 

 

 

  

   Fig. 5.2. 
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Subdivision of jellyfish graph ))3,4((JS  

In this graph, the minimum dominating set is 
' ' ' ' ' ' '

1 2 3 1 2 3 4{ , , , , , , , , } 9D w x v v v u u u u   and so 

( ) 9G  , the minimum equitable dominating and end equitable dominating set is

11},,,,,,,,,,{ 4321321  uuuuvvvxwvuD
 
and so 11)()(  GG eee  . 

Remarks 5.3. In the case of subdivision of jellyfish graph ),( nmJ , when 1, nm , the minimum dominating is 

' '

1 1{ , , , }D w x u v , minimum equitable dominating and minimum end equitable dominating sets i.e., 

},,,,{ 11 vuevuD   is the domination, equitable domination and end equitable domination number is 

( ) 4, ( ) ( ) 5e eeG G G     . 

 

 

 

       

 

 

Fig. 5.3. Subdivision of jellyfish graph ))1,1((JS  

6. CONCLUDING REMARKS 

 The theory of domination plays vital role and many researchers are producing a huge collection of 

papers in this topic. The domination concept is further classified into equitable dominating and end equitable 

dominating sets. In this paper we proved that the domination, equitable domination and end equitable domination 

number of some new graphs. 
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