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AN IMPROVED REGRESSION TYPE
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USING AUXILIARY INFORMATION
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ABSTRACT

For estimating population mean, an estimator using prior auxiliary information is proposed, its bias and mean square error are
found, and its comparative study with the usual ratio, product and linear regression estimators is made. An empirical illustration

is also included to justify the practical utility of the proposed estimator.
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1. INTRODUCTION

Using auxiliary information in the form of known population mean X of auxiliary variable X ,estimators like ratio, product and

regression are available in the literature. In many practical situations, the coefficient of variation Cxof auxiliary variableZmay be

available, hence we can utilize this information along with X for the efficient estimation of population mean Y of study variable

Y

Let the variable of interest Y be related with an auxiliary variable, information on which is available .Suppose 72 pairs
(567;, yi), 1= 1, 2, 3..., Tof observations are taken on 72 units sampled under simple random sampling without replacement

(SRSWOR) from a population of size N.

The ratio, product and linear regression estimators for Y are given by

7, =7(3) (1.1)

Uy =7(%) (12)

And T, =7+ b(X —7) (1.3)
1< 1 —

Where T = ﬁ;x@ Y = H - Yi
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Further, for Y7, Y5, ..., Y\ being population values on study variable %/, and X1, Xo, ..., X v being the population values

on the auxiliary variable T let

_ 1 X w 7

Y=—;K-,X=N;XZ,

2 1 < T2 9 L 9

5y=N_1;(K— ) Sm_N_l@:Zl(Xz_ 7
1 N - 1 N o N

Spr = 1 3 (G =X)Y: = Y) furs = = ;(XZ —X)(Y;-Y)",

Cy=" Co = B=F =0 0= gz = 55,

n( ):ﬁ%:%%andﬁz(x) Z%‘%:%‘g—g

For the known population coefficient of variation Oxand population mean X of auxiliary variable, the proposed estimator for

population mean Yis

U =7 +bX —T)+ k(T - ) (1.4)

T

wherek is the characterizing scalar to be chosen suitably.

2. BIAS AND MEAN SQUARE ERROR OFyk

For simplicity, it assumed that population size Nis large enough as compared to the sample size 7% so that finite population

correction terms may be ignored. However, if N is not large as compared to 72,the expressions concerning bias and mean square
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. - - . . N—
error will be multiplied by the finite population correction factor

N
n.
Further, let
_:7+€0, T:Y—Fel
—Syx+€23 S2-|—€3
so that
E(eg) = E(e1) = E(e2) = E(e3) =0
woB(ed) = 2 B(e}) = % E(e}) = (20).54
E(eger) = % = 5% E(eges) = 221 E(ere;) = 12,

—61)—|—]€[7-|—61 =

gk’_?:60_661(1+%)(1+%%)—1+k|y+61—7(1_'_%%)1/2]
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"\ vhich tends to unity if Nis large enough as compared to

E(6163> = %
_(Sg_l_e )1/2
X5

2.1)

—1 1/2
Expanding (1 + %?’g) and (1 + %‘9’2) , multiplying out and retaining the terms of 6;8 up to the second degree, we
X xr
obtain
7. 7 — _ ky er __ 6163 _ &ae kXe3
Tge = (eg — Bey) + (? 507 ) -l-ﬁ( yz) + g5 (2.2)
Taking expectation on both sides of (2.2), we have the bias of Y. up to terms of order O(%) to be
_ B(r p kX
Bias(gy) = 5 (5% — §2) + & (Ba(2) — 1)
kX _ _ P21 [30
- ?(5 (z) 1) B(SW F{) (2.3)

Squaring both sides of (2.2) and taking expectation, the mean square error of Y. given by E(yk — ?)2 up to terms of order

O(%) is
MSE(g,) = E(eo — Ber)? + k*X " [A9) + 5&) — )
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—I—2/€X[ (6061) . E(2650’§3) . 5E)_((e%) 4+ 5E2(;%63)]

_Taus) | et L [4C2 + Bale) — 1 —4mCy ]
_I_

o

X 25,0 2 Sx ~
% —;;;2 =+ Bn(@)XC,]

—2 S
_ Yc2(1-p%) n k2X 2 [AC2 4+ Bo (2) —1—471 (2)C] n [X Coy (%) Sye—iz1]
o n 4n nXC?2

(2.4)
The optimum value of k minimizing the mean square error of ykin (2.4) is given by

2[X Cz71(%) Syz—p21]
X C2AC2+Ba(a) —1—dm (2)Co] = Ko(say)

kopt - -
(2.5)

and the minimum mean square error of Yk is given by

Y 02(1 —p ) [70m71($)5yx—lt21]2
MSE(yko) n n740§ [AC2+55(z)—1—47v1(2)Cy]" (26)

3. ESTIMATOR BASED ON ESTIMATED OPTIMUM k
In practice, the guessed value of k may not be known, hence the alternative is to replace it by its estimate based on sample

values. Replacing Syx,,ugl,q/l (:U) ﬁg(x) M40, and (3pinvolved in optimum k by their unbiased or consistent estimators

given by
5 1 & e £
Syz = Sy = m— 1 Zl(yz —9)(xi — T), i1 = " 21:(332 —T)Q(yz‘ —@),
1= 9=
R . 1 w
Y(z) = % Pa(z) = ”40 ez a0 = — > (@ -7
o =1
1 < | .
,&30 = — 2(5’7@ — T)g Jwe get the estimated optimum k as
i=1
I% —_ _ Q[YCmﬁl(x)Sym_ﬂ2l]
X" C2AC2+ B (2) 1441 (2)C,
B 2 [chﬂéo;ym —/121}
- T 3 47020 Cx (3.1)
x°cz 402+ “4230—1— L |
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and hence the resulting estimator of population mean Y’ based on estimated optimum kis

Yos =J+ (X —T) + k(T - &) (3.2)
Let

fls0 = p30 + €4, flo1 = 21 + esand flag = fao + €6

so that from (3.1), we get

70;1; +€ S 33—'—6
A 2|: (#307dé)%( y 2)_(,u21_{_€5)i|

k — -
3 ) 2 (u40+66) 1 4(#30+64)C’x
X G [405” “xich =50 Xc%]

9 [ch%osym+#30€2+Syze4+6264
X503 X202

X 02 [402 M40 | 6 _1_2130Cz _ _4eq J
X ci X%cd X°c3 X°c2

—H21 —65]

3 —2 9
71 (2)S +Syzegteges—X C.
Q[XOI 1() Sy — gy + 130522z 22264 ace5:|

X°02 4024 Ba(a) ~1-4m (2)Cs +%’%4]

il B -1
— QWCm’Yl (I)Sygc—,u,gl] 1 + ,u3062+5yz€4+6264—X20§e5 1 66—4XC£€4
X°C2[4C2+Bs(x) —1—471 () Cy] X C2[XCoy1(z)Sya—pini] X C4[402+ B3 (x)— 1471 (2)Cl]

-1
. 2[X Coy1(x)Sye —pia1] 1+ #3062+Syx64+6264—720365 e6—4XC2ey +
X322 ~2 2 T Xt oauce " (33)
X C2[AC%+ B (x)—1—4y (2)Cy] X C2[XCym (%) Syz—pia1) X CAAC2 4B (x)—1—471(x)Cy]

From (3.2), we have

T = (¥ + e0) + (S52) (=) + A[X + &0 - X

yes - Y = €0 — 661(1 + Syz)(l + %%)_1 +IA€W+€1 _7(1 + %%)1/2] (3.4)

€3 -1 €3 1/2 )
Expanding (1 + gg) and (1 + gg) , multiplying out and retaining the terms of €;S up to the second degree, we
X xr

obtain

7. v (60 B ﬁel) 4 ]%7(% ) + 5(6163 o 61;2) + ]%87‘(5‘23) 4+ ... (3.5)
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Substituting k from (3.3) in (3.5), squaring both sides and taking expectation, the mean square error of ¥.¢ given by

E(@,.; — Y )?to the terms of order O(%) is

2
— N\ _ _ 2[X Cami (%) Syw—pion] e e
MSE(yGS) - E [(60 /661) YZCQ%[4C£+,32(17)_1—471(x)01:} (Y ﬁg)]
_ 2 2 2y A[X Coi () Sye—p21]? E(e3) | E(e3) _ E(ees)
= Blen) + FE(er) = 28E(eoer) +Y4C§[4C§+,32(x)—1—4fy1(:C)CI]Q[ ¥ s T xs
. A X Comi () Sya—p21] E(ever) _ E(eoes)  BE(ef) + BE(e1es)
X C24C2+62(2) 14 (2)Cy) | X 253 X 2o
_ S 5 _ 288y KOSl 152, (BE)=)SE ]
n n n nX CA[AC2+Ba(z)—1—d (2)Co]2 " X° 457 X52
_ A[X Co71(x) Syo—pio1] [@ _ Mo Sin% Sﬂcy/‘?)o]
nX C2AC24fo(x)—1—dm (2)Cs] L X 252  XS2 25;
_17qQ2, PSiS:  20°555. [(XComi () Sye—par]? 2 w1
= alS + =5 5 )t Gaac o) i @GP LiCe T P2(E) — 1 = 4 (a)Ci
_ 2[X Coy1 (%) Say—praa] "
nX " CAAC 1 fa(x)— 14y (2) Co] [XComn () Suy — pn]
— Y214 [XComi (2)Sys—p21]” | 2[X Coy1 (2) Syz—pa1]?
n nX CAAC24B3(2)~1-dm (2)Cal X CAAC2+B2(x)—1—4m (2)Cy]
_ vieia-p) [XCom (2)Sya—ppan]? (36)
n nX " CA[402+o(x)—1—4v1 () Cl] '

which shows that the mean square error of the estimator¥/,¢in (3.2) based on the estimated optimum, to the terms of order O(%)

is the same as that of Yy,  given in (2.6).
4. EFFICIENCY COMPARISON

The mean square errors (MSE) of g,yr,yp, Y, and Yes to the first degree of approximation are respectively given by

—2

MSE(g) = Yn05 4.1)
MSE(g,) = L[C2 + C? — 2pC,C,] @2)
MSE(g,) = Z[C2 + C2 + 2pC,C,] @3)
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_ vic?
MSE(g,) = —~(1 - p?) (4.4)

n

SN _ Y0 [XCmn(@)Sye—pm]?
MSE<yes) - n n740§[403+ﬂ2($)—1—471 (2)C4] &)

From (4.5) and (4.1), we get

3 _ 2y* ez (XCom (2)Sya—pizn?
MSE(G) — MSE(g,,) = 22 % 4 XCn(@Spu—pn >0
(y) (yes) n + nX C2AC2+B2(x)—1—4v1(z)Cy] ’

from (4.5) and (4.2), we get

N — N _ Y[pCy—Cu]? [X a1 (2)Sye— >
MSE@,) = MSEe) = =51 aiuer e 1w~

from (4.5) and (4.3), we get

_ — N _ YC,+Cal (X Cam (2) Sya—pizn |
MSE(yp) - MSE<yes) - : n T nY4C’;1[4C§11ﬂ2(a:)—1ﬁ1171(f'f)cz] >0,

and from (4.5) and (4.4), we get

_ i — . WCE'YI(:E)Syw_N21]2
MSE(le) MSE(yeS) - n740;1[462+,32($)—1—471(m)Cz] >0

showing that the estimator Y, is superior to all the estimators, that is, mean per unit, ratio, product and linear regression

estimators in the sense of having lesser mean square error.

5. EMPRIRICAL STUDY
In order to justify the practical utility of the proposed estimator, we have considered two natural populations. The description of
the populations is given below.
POPULATION-I: Singh and Chaudhary (1986, page no.176)

Y : Total no. of guava trees

X: Area under guava orchard (in acres)

N = 13X = 5.66153846,Y = 746.9231,52 = 13.5422808,5? = 202717.6

C; = 0.64999714,C, = 0.602795,p = 0.900596,v; () = 0.744442366,52(x) = 2.94538212,

fio1 = 4835.446
POPULATION-1I: Mukhopadhyay (2008, page no.104)

Y : Quantity of raw material

Z: Number of laborers
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N =20, X =441.95Y = 41.5,52 = 6432.044,57 = 88.25104

C, = 0.181469.C,, = 0.226366,0 = 0.675049,7,(z) = 1.670798 B(z) = 5.962528,
o1 = 87548.29
The mean square errors of the estimators Y, ¥, yp, Y, and Y.sare given in table (5.1) and the percentage relative

efficiencies (PRE) of the estimators yr,@p,ylrand@esover the mean per unit estimator ¥ are given in tables (5.2) .

Mean Square Errors of Y, Y., Yy, Uppr and Y

MSE(g) | MSE(7g,) MSE(g,) MSE(7;,) MSE(g,,)
Population | 202717.6 44700.61 832150.9 38298.71 36505.49
n n n n n
Population I 88.25104 49.45049 240.4819 48.03582 45.00982
n n n n n
Table (5.1)

Percentage Relative Efficiencies (PRE) of ¥, U}, ;- and U over mean per unit estimator I

Y gp Yir Yes
Population | 453.5006989 24.3606753 529.3065907 955.3071345
Population Il 178.4634288 36.6975886 183.7192229 196.0706345
Table (5.2)

From table (5.2) or (5.1), it is clear that ¥ is the most efficient estimator.
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