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Abstract

We try to give one method of resolution of the Cauchy problem for heat equation with fractional Laplacian by
exploiting the generalized function theory
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1. Introduction

This paper concerns the Cauchy problem for the following heat equation

.

fE,x)+(=A)2 f(t,X)=S(t,X) ¢>0,xeR,0<p<1(L1)

f(0,x) = f,
And the aim is to show, how the theory of distribution solves this equation, obviously we must give the
solution.For that we will have to recall the mathematical theory necessary for this problem,the generalized
functions theory and the semigroup,see [10]. All the same, there are certain mathematical properties that must be
remembered during the solving
This paper is organized as follows. Section 2 presents some important definitions and proprieties used in this
paper.The section section 3 will be divided into 3 parts, the first will be devoted to finding the elementairy
solution of the heat equation with fractional operator and the resolution of (1) when S is genarlized function
with compact support. The second part will be for the equation (1.1) without second member.The last part is for

(L1 when SeC(l,,20M)ALOY)

2. Preliminairy

B
We consider the fractional Laplace operator L =—(=A)? in R¥, with f € ]0,1[ and N eN*.

Definition 1
For the definition of L that: we will use a Fourier definition :
Let X be any of the spaces L, p e[1,2] and let f €X hence Lf e X see[12]

FULAHE) = -BIPF()E) (2.1)

N[>

To define the fractional Laplacian for less regular functions, we need to understand what (—A) is in the sense

of distributions. One may then think in the following way. For u € §’
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B
(a tempered distribution) and f € S one could define the distribution (—A)2U as
s s s
(=A)2u, f )={u,(~A)? f ).The problem here is that (—~A)2 f &, so this identity makes no sense for u
B
€ S'. First we need to characterize the set (—A) 2 (S). See [13],[14],[15]

B
Proprety 1 Let. f €S ,then (—A) 2 fe Sp belongs to the class Sg defined by
2 2

Sp={ € C*(RM): (1 + |x|"*F)DY(x) € L*(RY), for every y € NV} see[10]

The class of Sg of Lemma 1 is endowed with the topology induced by the countable family of seminorms
2

N+4
£, W) =D, | IDW O

Denote by S[; the dual space OfSp . Observe that § c SB so that 5,3 c §'. The suitable space for the
distributional deflnltlon of the fractlonal Laplacian is 53

Definition 2.
B B B
Let ‘u € Sp . We define (—=4)zu € §"as ( (-A)2u, f )=(u,(-A)2 f (2.2)

forevery f € S.

Proprety 2 see[8]
v S (1)(x) = S(t, x) = — iexte g
For x € R¥ and t>0,let S, (t)(X) =S(t,X)=—— | € g (2.3)
(27[)? itk

B

For any function u, defined on RY, if the convolution product is valid et s a strongly continuous
s

semigroup on LP(RY), p > 1, generated by the fractional power .—(—A)2 and

Vi
S(t, x)*u, =e 'V u, = P(t)uy,
Moreover Sﬂ satisfies :

- Sp() e MRY N L (2.4)
- S,(tx)=0 (2.5)
- j S, (t,X)dx =1 (2.6) for all x € R"and t>0 it means S,(t,X) € L'(IRY) for all t=0
IRN
s N1
ety <ctsra ||V|| (2.7) forallv e L"(RY) andall 1<r <q<oo,t>0

q
- using Young'’s inequality for the convolution :

B
2
g tA)%y

HS (x, t)*VH < HS (t)” ||V|| forall v € L9(RV)and all1 < g < o0 ,t>0(2.8)

q

3 The resolution
3.1 Elementary solution of heat fractional opérator
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Proposition 3 (Elementary solution of heat fractional opérator)
B
For all integer N >1, the equation (O, +(~A)Z)U =35, )-00 (B-1) has an unique solution E, in

S'(R, x RY) , the set of the tempered distribution. Its supportis supp(E, ) = Rf x RY
and its partial Fourier transform into the variable x is the function

e
ot

En(t,&) = 1gy (8) EERY (32)

Proof :
Let us find, for all N > 1, a distribution Ey € S'(R, x R") such that:

- Eyis function defined on R, x RY and supp(E, ) cRf x RY

B
- Ey(t,x) € I*(RY) forall t>0suchas (0, +(=A)?)Ey =0 -0 iN S'(R, X RY)

It is obvious that if E is an elementary solution of the heat fractional operator then E + Const. is also an
elementary solution.
We are going to remove this indetermination thanks to the following support condition

supp(Ey) € R, x RY
Apply to the tempered distribution Ey the partial Fourier transformation into the variable x, which we will

denote by EAN , we will also note ¢ the dual Fourier variable of x.
Note that Ey (¢, x) € LL(RN) for all t> 0 hence we can use (2.1)Then we have

O Ey+le Ey=0,®1in s, xRY)  (33)
supp (EAN) c R, xRV

In particular, the restriction of Ento R} x R¥ checks
Ot Eyy lrexey + 1P Ey Ipyxry = 01in S'(R} x RY) (3.4)
This suggests choosing the distribution EAN |]R1><RN as being defined by a function of form

(t,&) - C(&)e

And since the IfN distribution is supported in R, x RN | it is natural to find the distribution IfN as being
globally defined by the function

Ent&) =1 0CE)e ™  (tHerxRY (35
A —tlef 1 ie.x—tg?
If we take En (t,&) = 1, (D) € 1l so Ey(t,X)=S(t,x) = — j g d< for t>0 and
(27[)2 RN
Supp(Ey) © R; x RY Hence Ey(t,x) € LY(RM) for all t>0.(see (2.6))

1

Let us pass to the proof of uniqueness. Suppose there is another tempered distribution EN satisfying the same
1

properties as EN , and denote by FN = EN - EN We can easily verify that FN satisfies the hypotheses of the

1 1
lemma below, from which we deduce that FN = EN - EN =0, that is to say that EN = EN
Lemma 4
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Vi
Let F € §'(R, x RV) such that (0, +(—A)2)F =0 in §'(R, x RV) and supp(Fy) < R* x RY

then F=0 see[1]

3.2 Case where the initial data are are compact support distributions
Lemma 5 (Solution in D’ of an ODE, Cauchy problem)
Let 2 €C,S € C,(R,; C) and u, € C,letu € C1(R,; C) the only solution of the Cauchy problem:
w+au=S for t>0
u(0) = u,
Let U be a function defined on R* with values in C defined by:

U(t) =u(t) fort>0and U(t) = 0 fort<0

Then
(a)The function locally bounded 1g, (t)E,(t) = 1, (t)e™? is an elementary solution of the differential

da
operator E +aonR

(b) The function locally bounded U verifies

U = (1g,Eq) * (o8 + 1g,S) dans D'(R)
(c) The function locally bounded U defines the unique distribution on R verifying

U'+al = 1g, S + ued,
supp(U) € R,

Proof: see [1]
Proposition 4(Solution in 8" of Cauchy problem for heat fractional equation when the initial data are in
&)
Let be N >1,an initial data f, € &'(R¥) n L*(R") and a source term S € £'(R; x RY) such S(t,.) € L*(R")
for all t>0, both with compact support
There is then a unique solution within the meaning of the tempered distributions of the
Cauchy problem for the heat fractional equation with initial data f; end and
second member S.
This solution f is given by the formula

f=En*(6t=0® fo+5)
from which we deduce in particular, when S € C°(R’ x RY), than

flgyxrv € CZ (R} X RM)

Lemma 6
Let be N >1,an initial data f, € &(RY) n L*(R") and a source term S € £'(R; x RV) such S(t,.) € L*(R"Y)
for all t>0, both with compact support.
We say that a distribution F € §'(R, x RY) such that F(t,.) € L1(R") is a solution within the meaning of
(tempered) distributions of the Cauchy problem
B
0, F(X,t)+(—A,)2 f(t,x)=S(t,x)fort>0, x € RY ,f(t,) € L*(RY)for all t>0

f(x,0) = fo
when the distribution F verifies
B .
OF+(-A,)?F=S+6,_,®f, in"(RxR"), supp(F) c R, x R¥

where S is the prolongation of S by 0 for t <0

G (g

S’(RXIRN),Cw (RXRM) &' (R xRY),€° (R} xRV)

Proof the lemma 6
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For ¢ € S'(R, x RY), denote by ¢ the partial Fourier transform at x of the distribution ¢, and & the dual

Fourier variable of x. By applying the partial Fourier transform ¢ > ¢ to each member of the two equalities
occurring in the Cauchy problem, we end up

0, ?+|§|ﬂ f =S forall 50, € RY
f\t:O = fo

When f isa function of class C* in (t,£) then the Cauchy problem above corresponds to a family of indexed
ordinary differential equations by £ € RY.

The case of ordinary differential equations in the lemma 5 suggests that the above Cauchy problem after Fourier
transformation partial in x admits the following formulation in the sense of the distributions:

atlg+|§|ﬁ|§=é+5t:0®on in S'(R x RV)

supp(F ) c Ry x R
By returning to physical variables by inverse Fourier transformation partial in the variable x, end up with the
following definition of the notion of solution in the sense of distributions for a Cauchy problem with Fractional
Laplacian Q.E.D

Proof of the proposition 4 :
According to the lemma 6. Say that f is the solution of the above Cauchy problem to direction of the tempered
distributions, that is to say that f € S'(R, x R") and f(t,.) € L*(R") and check
B 0
O, f+(-A)2f=0_,®f,+S, xeR"t>0
supp(fo) © Ry X RY

where S is the extension of the distribution with compact support S by 0 in R_ x RY

Check that the proposed formula does provide a solution to the problem of Cauchy considered:

- Since f, and S are compactly supported distributions, the distribution &,_; ® fO +S

also has compact support.

- According to [G] the distribution Ey * (6:~¢ ® fy)coincides with the function Ey(t,.) = fo(.) when

fo € C.(RV) and t>0.This property still remains true if f € L*(R"),because:

We know that C.(RM) is dense in LY(RY) , then for all f, € L*(RY), there exists a sequence (fg")of
C.(RM) which converges to f, € L*(R"™). According to (2.8):
Ex(t,.) * (fF = flli < IIf& = folluwhen t>0, then the sequence (Ey(t,.) * f*(.)) converges to Ey(t,.) *
fo(.) in L*(RM). Thus the convergence is also valid in D'(RY) when t>0. Hence  (Ey * (8r=0 ® fJY))
convergesto Ey(t,.) * fo(.) when t>0.
But we have, when ¢ € C.(R, x R¥):

[{6:=0®f0" d) — (6t=0®f0, P} < fRN|f0n — fol@(0, x)dx < sup,cpn |0, I fe" — follL
hence the sequence &§,-,®f>* converges to §,-,®f, in D' (R, x RY) ,which implies the convergence of the
sequence (Ey * (8;=o®fd") to Ey * (8,20®f,) in D'(R, x RV).Then this convergence is also valid D'(R} x
RM). So we can conclude that when t>0 and £, € L*(R"):

Ey * (6¢=0®f0) = En(t,.) * fo(.)

-EN * (5t=0®f0) E LI(RN) f0r t>0 SO EN * 5t=0®f0 + S E LI(RN) fOf t>0

h _ g é = B é —
ence F((—A)z(Ey * | 8;=0®fo + ) = [EIPF((Ey *| 6:=0®fo + =
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E1BF (Ex)F <5t=o®fo + 5 > = F((~D)2EN)F <6t=o®fo +9 ) =

T((—A)gEN)T <6t:0®f0 + S )zT((—A)gEN) * <6t:0®f0 + S )) ( F the symbol of Fourier

transform),

] S _ s S
hence (—=A)2(Ey * | 6:=0®fo + ) = ((—A)2Ey) * | 6:=0®fo +
So we have :

B . B .
0+ (AN Ey * (61 ® T +8) = (0, +(<A,))Ey) * (60 ® Fo +8)
while

SUPP(E,, * (3.0 ® f, +5)) @ SUPP(E, )+ SUPP(S,o ® fy +8) = (1, x0 M)+ (U, x M)

b, xon

D'(R, x RY)

Let us pass to the uniqueness of the solution in the sense of the tempered distributions fof the
Cauchy problem for the heat equation. Suppose there are another, say g, andseth = f — g

Then the distribution h € S*(J , ® [ ') and check the conditions:

B
o.h+(-A)?h=0 10
Applying Lemma 4, we find that h = f — g, hence the uniqueness announced.

3.3 Case where the initial data in L?
Proposition 5

Let N >1 be ,and fis an initial data in L'(0 ")~ L*(0 ™). There is then a unique solution within the
meaning of the tempered distributions of the Cauchy problem:

s
o0 f+(-A)2f=0 xeO"t>0
f

[t=0 — fo

The restriction of this solution f to J* x[1 ™ (for t = 0) into a function belonging to C((J ,,L*(0 ")) and
given by the formula :

f(t,X)=E(t,.)* f,(x) = j E(t,x—y)f,(y)dy ae ,xel" t>0

and f(0,x)=f,(x) ae, xeO"

Proof :
For all n>1,, define fn as the solution in the sense of tempered distributions of the Cauchy problem for the

heat equation without second member and with initial end data f;' defined by
fo (X) =150 (¥) fo(X) x el "

Obviously, fgt € &'(RMNLY(RY) sothat " =Ey *(5,_, ® f,') (see proposition 4)
Apply the partial Fourier transform at x to each member of equality above. Noting the dual Fourier variable of x

and T the transform of Fourier of partial f into the variable x, we find that

fA” (t,&) = é(t,ﬁ) fOnA(rf) —g fO“A(f) ae on £ forall t>0
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Vi A
Let, for all t> 0, be the measurable function & — g(t,&) defined by g(t, &) = e ! f, (&)

we obviously have g(t,.) € L*(0 ™) with ||g(t,.)||l_2(D vy < || fO”L(DN)

B
since 0<e ™ <1 for all Eell " andall t>0. By the theorem of Plancherel, there exists, for all t >0, a

unique function X — f (t,X) belongingto L*(0 ™) and such that :

N Vi A

ft,8)=9g(t, &)= et f,(£) aeon &l forallt>0
Let us also denote by f" and f the extensions of f" and f by O for t <0.Always thanks to Plancherel's theorem,
forall t>0 , we have

1 A A 1 A A
) - F (), = T ) — () T e
H Len) (272') 2a") 72')
:Hfo - fo oMy —0
when N — 400, and in particular, by dominated convergence
f" > f inD' (@, x0"Y) for n— o0
B B
So 0, f" >, f and (-A)2 f" > (-A)2 f in D0, xO7Y)

B
By the proposition 4, 8, f" +(-A)? f" =6,_, ® f;

and S0 ® Ty =5, ® Ty inD'((0,x0 ")
B
we deduce that 0, f +(=A)2 f =6,_,® f, in D'(J , x0})

On the other hand, by construction supp(f") < , x[0 M sothat supp(f) <0 , xO ™

The uniqueness of this solution is obtained as in proposition 4, by a direct application of
Lemma 4.

aS B N
The formula f (t,&) = R f,(£) aeon &l " forall t>0 and Plancherel's theorem show that
f L eCO,;L2@")y)

(]

Indeed, for all t >0 and any sequence t, >0 such that t, —t, we have

[0 1y = | € =
0 N

when N — o0 by dominated convergence, since

(&) dé—0

2 2
<2 aeon &ell ™

e e i) <2/i@

2 P B
<e Wkl Lot <2

P 8
Because ‘e ol —e 4l

Corollary 1
Let N >1be, an initial data f, e L>(0 ") L' (O") and SeCU ,,LOM)NL@O ")) suchas
sup J' IS(t, x)|2 dx < o
t>0 gN
There then exists a unique f e C(J ,, (0 ™)L (")) whose extension by 0 for t <0 is a solution in the
sense of the tempered distributions of the Cauchy problem
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s
o, f+(-A)2f=S xel", t0
f|t=0=f0

This solution is given by the formula (see Proposition 2)

t
f(t,.)=P(t)f, +j P(t—s)S(s,.)ds forall t>0
0
*For P(t) see propriety 2

The above formula giving f is called the “Duhamel formula ".She is still written equivalently in the form

F(t,3) = (Ey (6.)* )0+ Ey %, L_(©S)EX)
Proof:
For any integer N>1, note:

S, (t,x) =1[1’n} (t)l,é(o,n)(x)s(t’ X) aein xed “andforall t>0

Obviously S, €€’ (J " x “)and S (t,.) e L(@"). Let g, =E, *S, where S, denotes the extension
of S, by 0for t <0. Note that g, is written

ga(t,.) = j P(t—s)S, (s,.)ds ift<0

By proposition 4, g, is a solution in the sense of tempered distributions of the Cauchy problem

B
0,0, +(-A)2g,=S, xel" 0
gn|t:0 =0

On the other hand, for all t> 0 and all n >t , we have

sj||P(t—s)Sn(s,.)—P(t—s)S(s,.)|| ds

2@hy o o™

jP(t—s)Sn(s,.)ds—j P(t-s)S(s,.)ds

<|[s¢s..) ds

2oy

O 5

t
LZ(DN)ds+'1[||8n(s,.)—8(s,.)

n

see (2.8) and the definition of S

For the first term on the right hand side, we have
1

fIs(s.

For the second term, we start by applying to the integral at t the equality of Cauchy-Schwarz, in we observe,
thanks to the definition of S_, that, forall T>0andall t € [O,T]

— Owhen N >

1
LZ(DN)dssEsup”S(s,.)

2@y

t T 1
J1‘||Sn(s,.)—8(s,.) o 0 s\/T_(MN (5,01, u g OX0S)2 0

n
when N — o0 by dominated convergence. Posing
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g(t,.)zj.P(t—s)S(s,.)ds if t>0, g(t,.)=0 ift<0

Hence we have shown that g, (t,.) — g(t,.) in L°(U ") uniformlyon te [O,T],for all T> 0.
Note that g(t,.) e L'(0 ") (see 2.8)

In particular, g, = gin D' (J x[J N) , and passing to the limit in the sense of distributions in
B

the equality 0,0, + (-A)2 g,=S,ins'((0 xO ™M)
we find that g is a solution in the sense of the tempered distributions of the Cauchy problem
B
0,0+(-A)2g=S xeO",t>0
g\t:O =0

Check that the restriction of g to [ , x[1 " define an elementof C(U ,, (0 )L ™)) when

L@ ™M) L2(@ ") has the normin L*(0 ) .Indeed, for t,t' e [O,T]with t<t', we have, using the
property 2

||g(t"_)_ g(ti')”Lz(D Ny =

tf P(t —S)S(S,-)dS—jP(t—s)S(s,.)ds

2@M)y

= +

YR

[(PA=) = 1)S(5, )] 2g vy 5 + [ |PE'=8)S(S,) |20, IS

}P(t '—5)S(s,.)ds

t

jP(t —s)(P(t'—t)— 1)S(s,.)ds

2@y

<

<

Ot O ——

"

[(PA=)=1)S(5,) 2, A5+ [[S(:-)] o o v, IS
t

The second term on the right hand side verifies

v
I||S(S, .)||Lz(D v ds < (t'-t) sup ||S(S, .)|||_2(D vy = Owhen t'—t — 0 . As for the first term, it converges to
t se[0,T]

0 by convergence dominated when t'—t — 0O since
|(P'=t)=1)S(s,)] 2on) O
according to the propriety 2 and that ,.||(P(t —t)—1)S(s, .)||L2(D vy < 2 S[lng)]”S(s, .)||L2(D v
se|0,

forall Se [O,T] thanks to this same propriety. We conclude that g € CO ;@M@

when L'(0 M)A L*(@ ") has the normin L*(@0 V).
Define f,(t,.)=P(t)f, when t>0, f/(t,.) =0 whent<0

Hence we can say that f,is a solution in the sense of tempered distributions of the Cauchy problem

s
0. f,+(=A)2f =0, xedMt>0

fm:o = fo
and f1|El+><DN eC(l ,, Ll(D N)mLZ(D N))
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As the heat equation is linear, we then deduce from the above that f = f, 4 g is a solution in the sense of the
tempered distributions of the problem of Cauchy
Vi
o f+(-A)2f=S xeO"t>0
f|t=0 = fo

It is the only one, because if there was another one, the unicity deduce from the lemma 4 ,

/0

£, v €CO L LOMALOM)and g, . eCO ;L2OM)ALEO™Y)

1/0 ,x0

And we can say that f, oveCl,, LO"Yn*@"y) because

Conclusion
The proofs of all the properties described in this Cauchy problem for heat equation with fractional Laplacian are
inspired by the proofs of the properties of the Cauchy problem of heat equation

atf—%Ax=S,XEDN,t>O

The question is:
Can we do the same method with the Schrodinger equation?
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