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ABSTRACT

Gears are machine elements used to transmit rotary motion between two shafts, normally with a constant ratio.
This paper presents a computer modelling and simulation showing how the gear contact ratio affects a spur gear
system. The analysis presented in this paper is performed by using a Six Degree of Freedom (6 DOF) dynamic model
of a one-stage spur gear system. In the analysis, the contact ratio was varied over the range 1.6456 to 2.1256. In
order to simplify the analysis, other parameters related to contact ratio were held constant. The simulation was
performed using MATLAB and the model was tested at two frequencies of 570 and 833 Hz. The contact ratio was
found to have a significant influence on gear dynamics. A contact ratio close to 2 provided maximum values for
Minimum and Maximum tooth stiffness at both the tested frequencies. The paper derives the conclusion that contact
ratio 2 is best suited to the model under consideration to obtain highest tooth stiffness.
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1. INTRODUCTION

Gears are machine elements used to transmit rotary motion between two shafts, normally with a constant ratio. The
vibration of a gear train are significantly affected by the gear contact ratio [1]. The contact ratio can be influenced
by parameters such as the pressure angle, the tooth size (diametral pitch), and the centre distance. Of these
parameters, varying the length of the tooth addendum is the most desirable way to control the contact ratio without
increasing the tooth stress. The contact ratio can be increased by reducing the pressure angle but this also increases
the tooth bending moment and hence the stress. Finer pitch gears have higher contact ratios, but their smaller teeth
are subjected to higher stress [2]. The gear tooth addendumwas varied to create contact ratios in the range 1.6456 to
2.1256. In order to simplify the analysis, the torque and other parameters were held constant. For this analysis we
will adopt the mathematical model of a one-stage spur gearbox system with torsional and lateral vibration reported
by Bartelmus [3] and Tian et al. [4]. Computer simulation is used to study the effects of contact ratio on a one-stage
spur gearbox. Mesh stiffness and its time-variations are recognized as key parameters controlling gear dynamics.

1.1 A Dynamic Model of One-Stage Spur Gear

The schematic diagram of the dynamic model of a one-stage spur gearbox systemis shown in Fig. 1, is a model with
torsional and lateral vibration reported by Bartelmus [3] and Tian [4]. This is a two-parameter model, involving
stiffness and damping with torsional and lateral vibration and has six degrees of freedom. The main parameters that
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are considered in the model are given in Table 1. It is assumed that all gears are perfectly mounted rigid bodies with
ideal geometries. Inter-tooth friction is ignored here for simplicity.
The following notation is used in this study [4].

Fk
Fe
Fu
Fuc

C2
6116,
Om
O
y1lya

stiffness inter-tooth force
damping inter-tooth force
internal stiffness force of input bearing
internal damping force of input bearing
internal stiffness force of output bearing
internal damping force of output bearing
stiffness moment of input couplings
damping moment of input couplings
stiffness moment of output couplings
damping moment of output couplings
total mesh stiffness
mesh damping coefficient
mass moment of inertia of motor
mass moment of inertia of load
mass moment of inertia of pinion/gear
input motor torque M2: output torque from load
mass of the pinion/gear
torsional stiffness of input flexible coupling
torsional stiffness of output flexible coupling
damping coefficient of input flexible coupling
damping coefficient of output flexible coupling
vertical radial stiffness of input bearings
vertical radial stiffness of output bearings
vertical radial viscous damping coefficient of input bearings
vertical radial viscous damping coefficient of output bearings
angular displacement of pinion/gear
angular displacement of motor
angular displacement of load
linear displacement of pinion/gear in the y direction

Rp1/Rp2 base circle radius of pinion/gear
Ro1/Ro2 outside circle radius of pinion/gear
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Fig. 1. A one stage gearboxsystem [4].
The main parameters of the gearbox systemin this study are listed in Table 1.

Table 1. Major parameters of the spur gears used in this model [4].

Mass moment of inertia of the motor (I, 0.0021 kg

Mass moment of inertia of the load (Ip) 0.0105 kgm®

Mass moment of inertia of the pinion (I,) 43659 x 10 * kgm*
Mass moment of inertia of the gear (1) 8.3602 x 10° kgm’
Contact ratio (C,) 1.6456

Mass of the pinion (m;) 0.96 kg

Mass of the gear (my) 2.88 kg

Input shaft frequency (f;) 30 Hz

Mesh frequency (f) 570 Hz

Input motor torque (M) 11.9 Nm

Output torque from load (M,) 48.8 Nm

Torsional stiffness of the coupling (k;) 4.4 x 10* Nm/rad
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Damping coefficient of the coupling (c.)

5.0 x 10° Nm/rad

Radial stiffness of the bearing (k;)

6.56 x 10" N/m

Damping coefficient of the bearing (c,)

1.8 x 10° Ns/m

Young’s modulus (E)

2.068 x 10™' Pa

Pressure angle 20

Diametral pitch (P) 0.2032 m™
Width of teeth (L) 0.016 m
Poisson’s ratio (v) 0.3

Number of teeth on pinion and gear N; =19; N, =48

Because friction is ignored, the vibration in the x direction is free response and will disappear due to inherent
damping. In this paper, we focus only on the motion in the y direction. Based on the work of Bartelmus [3], to

simulate the gearboxvibration, the vertical motion (in the y direction) equations of the pinion and gear are

my, =F +F —F, —F,

m,y,=F +F -F -F,

LG =M, +M R, (F +F)
1,0, =R,,(F +F) =My —M,,
O =M, =M, — M
1,0, =M, + M + M,
F=K.(R,,6-R,,6,-Y,+VY,)
F=c(Ry 91 -Ry, 92 -V, +Ys)
F =Ky,

F.=CY,

F =k,

Fe =C.Y,

My =k, (6, -6)
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Mpc = Cp (Hm - 01) (14)
My = kp 6,-6,) (15
M, =¢,(6,-6,) (16)

Equations 1-2 are the vertical motion equations of the pinion and the gear. Equations 3—4 are the rotary motion
equations of the pinion and the gear. Equations 5 and 6 are the rotary motion equations of the motor and load,
respectively. Equations 7-12 represent the values of the forces, and Equations 13-16 represent the values of the
moments.

The following further assumptions are made [4], the vertical radial stiffness of the input bearings and that of the
output bearings are constant and equal, i.e., k; = k, = k; ; the damping coefficients of the input and the output
bearings are constant and equal, i.e., ¢c; = ¢, = ¢, ; the torsional stiffness values of the input and the output flexible
coupling are constant and equal, i.e., k, = kg = k¢; the damping coefficients of the input and the output flexible
coupling are constant and equal, i.e., ¢, = ¢4 = C¢; the mesh damping coefficient, c; , is assumed to be proportional to
the total mesh stiffness, ki : ¢¢ = uk¢ , where u is set to be constant 3.99 x 10-6 (s).

2. CONTACT RATIO

When two gears are working together the number of gear teeth which are in contact varies during the meshing cycle.
In order for the gear drive to work properly there must be at least one pair of teeth in contact at all times. The
average number of gear teeth in contact when the gears are operating is called the contact ratio, CR. In practice the
contact ratio varies between two discrete values and a contact ratio of e.g. CR = 1:3 describes that some of the time
there is one gear tooth pair in contact and for the rest of the time there are two pairs in contact. Acceptable values for
the contact ratio is usually CR > 1:2 with a absolute minimum of CR = 1:1. If a contact ratio below this value
occurs, correct motion transfer cannot be assured [5].

3. GEAR MESH STIFFNESS EVOLUTION

Mesh stiffness and its time-variations are recognized as key parameters controlling gear dynamics and tooth loading
to a large extent. The teeth in a healthy gear in good running condition will deflect under load. The meshing process
is always varying from one and two pairs of teeth in contact. Harris [6] defined mesh stiffness fluctuation as a
periodic excitation which would cause gear pair vibrations even if the gears were free from any manufacturing
errors. The duration of contact depends on the contact ratio & .

Thus, gear mesh stiffness is periodic with the period Teng = 60/N; Z; and can be approximated as [7]

(1) = Ko NTeng St (N6 -T, . )
Ko, (N+&=DT <t <(n+T, .
where N; is the pinion rotational speed in rpm, Z; is the tooth numbers, & represents the contact ratio and n is an

integer representing the nth gear mesh period.
Fourier development of K, (t) yields:

AK &1 . 2irt . . 2irxt
k (t) =k, +— Y| sin(2iz (¢ 1)) cos =— + (1—cos(2i 7 (¢ -1)))sin — (18)
7T il Teng eng
With: Km = Krax (& - 1) = (2 - & knin and AK = Knex — Kerin-
By introducing the gear stiffness ratio and using some geometrical and material properties, the maximum and the
minimum value of the gear stiffness can be calculated

E
9 _
kmax =14x10 bes, kmin = I’km
where E = 2.068x10™ N/m? is the mean value of Young’s modulus of the gear bodies, b = 0.16 mis the effective
width of meshing gears, s =0.47 is the shape factor and r = 0.5476 is the stiffness ratio.

ax
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4. MATHEMATICAL SIMULATION

After gear modelling MATLAB simulation is carried out to predict the natural frequencies of a system. MATLAB's
ODE15s is a standard solver in MATLAB for ordinary differential equations. The Runge-Kutta method is
implemented in this function. Thus, in this study, the function of ODE15s is used to obtain the numerical results of
the motion equations. This method employs a linearized iterative procedure that involves dividing the mesh period
into many equal intervals. Initial angular displacements are obtained by preloading the input shaft with the nominal
torque carried by the system. Initial angular speeds are taken from the nominal system operating speed. For steady
state operation the dynamic motions of the system can be found from this iterative procedure. The method is
described in detail in Lin et al. [9].

The displacement plots for the perfect gear tooth can be obtained by computer simulations; and the results are
presented in Figure 2.

Healthy Tooth

Amplicide (im)

Fig. 2. The pinion’s vibration displacement response in y direction for a perfect gear tooth

In order to observe more details, the Fourier Transform is applied to the time domain signal, and the power spectral
density is presented in Figure 3.
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Fig. 3. Spectra of the pinion’s vibration displacement response in y direction for a perfect gear tooth.
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Fig. 4. Time variation of stiffness gear mesh k (t)

The teeth in a healthy gear in good running condition will deflect under load. The meshing process is always varying
from one and two pairs of teeth in contact. The duration of depends on the contact ratios. The gear mesh stiffness
will fluctuate around a mean value K, as shown in Figure 4.

5. CONTACT RATIO ANALYSIS

The periodic change of tooth stiffness, gear errors and friction force impulse at the pitch point are the principal
causes of vibration and noise in gears. In high precision and heavily loaded gears, the effect of gear errors is
insignificant, so the periodic variation of tooth stiffness and friction force impulse are the most significant causes of
noise and vibration.

High contact ratio spur gears can be used to exclude or reduce the variation of tooth stiffness. Kasuba, [10];
established experimentally that the dynamic loads decrease with increasing contact ratio in spur gearing. Sato et al.
[11]; demonstrated experimentally that the minimum dynamic factor corresponds to gears with a contact ratio
slightly less than 2.00 (1.95). The same result was found experimentally by Kahraman and Blankenship, [12]. Data
for the gear set used in this study are listed in Table 2.

Table 2. Impact of contact ratio on Tooth Stiffness at 570 Hz

S.No. Contact ratio Min. Stiffness Max. Stiffness
1 1.6456 5.52 x 10° 1.11 x 10°
2 1.7056 5.24 x 10° 1.08 x 10°
3 1.7656 4.92 x 10° 1.04 x 10°
4 1.8256 4.67 x 10° 1.02 x 10°
c 1.8856 4.43 x 10° 9.95 x 10°
6 1.9456 3.97 x 10° 9.56 x 10°
7 2.0056 8.52 x 10° 1.09 x 10°
8 2.0656 8.15 x 10° 1.36 x 10°
9 2.1256 7.97 x 10° 1.35 x 10°
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Table 3. Impact of contact ratio on Tooth Stiffness at 833 Hz

S No. Contact ratio Min. Stiffness Max. Stiffness

1 1.6456 552 x 10° 111 x 10°
2 1.7056 552 x 10° 1.08 x 10°
3 1.7656 552 x 10° 1.04 x 10°
4 1.8256 552 x 10° 1.02 x 10°
5 1.8856 552 x 10° 9.95 x 10°
6 1.9456 552 x 10° 9.56 x 10°
7 2.0056 552 x 10° 1.09 x 10°
8 2.0656 552 x 10° 1.36 x 10°
9 2.1256 552 x 10° 1.35 x 10°

1.60E+09

1.40E+09

1.20E+09

1.00E+09

8.00E+08

6.00E+08

4.00E+08

2.00E+08

0.00E+00

1.6456 1.7056 1.7656 1.8256 1.8856 1.9456 2.0056 2.0656 2.1256

—e—Min. Stiffness —e=Max. Stiffness

Fig. 5. Variation of Tooth Stiffness with Contact Ratio at 570 Hz
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1.40E+09
1.20E+09
1.00E+09
8.00E+08
6.00E+08
4.00E+08
2.00E+08
0.00E+00

1.6456 1.7056 1.7656 1.8256 1.8856 1.9456 2.0056 2.0656 2.1256

—o=|\in. Stiffness =—o=Max. Stiffness

Fig. 6. Variation of Tooth Stiffness with Contact Ratio at 833 Hz

Dynamic modelling and simulation was applied on gear tooth to identify the effect of contact ratio on the tooth
stiffness. The test was carried out at two frequencies i.e., 570 Hz and 833 Hz.

5.1 Results at 570 Hz

It is observed that at this frequency as the contact ratio is increased from 1.6456 to 1.9456 the minimum tooth
stiffness decreases. As the contact ratio is increased to 2.0056 a sharp increase in tooth stiffness is observed. On
further increasing the contact ratio beyond 2.0056 the Minimum tooth stiffness tends to decrease again. So it can be
concluded that at contact ratio of 2.0056 ~ 2 the Minimum Tooth Stiffness has maximum value.

It is observed that at this frequency as the contact ratio is increased from 1.6456 to 1.9456 the Maximum tooth
stiffness is observed to decrease constantly. As the contact ratio is further increased beyond 1.9456 till 2.0656 an
increase in Maximum tooth stiffness is observed. On increasing the contact ratio beyond 2.0656 the Maximum tooth
stiffness tends to decrease again. So it can be concluded that at contact ratio of 2.0656 ~ 2 the Maximum Tooth
Stiffness has maximum value.

5.2 Results at 833 Hz

At this frequency it is observed that as the contact ratio is increased from 1.6456 to 2.1256 the minimum tooth
stiffness remains unchanged at 5.52 x 10°. So it can be concluded that contact ratio has no measurable impact on the
Minimum Tooth Stiffness.

It is observed that at this frequency as the contact ratio is increased from 1.6456 to 1.9456 the Maximum tooth
stiffness is observed to decrease constantly. As the contact ratio is further increased beyond 1.9456 till 2.0656 an
increase in Maximum tooth stiffness is observed. On increasing the contact ratio beyond 2.0656 the Maximum tooth
stiffness tends to decrease again. So it can be concluded that at contact ratio of 2.0656 ~ 2 the Maximum Tooth
Stiffness has maximum value.

6. CONCLUSIONS

The research work was undertaken to identify impact of contact ration on the gear tooth stiffness. The simulation
was performed using MATLAB and the model was tested at two frequencies of 570 and 833 Hz. The contact ratio
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was found to have a significant influence on gear tooth stiffness. A contact ratio close to 2 provided best values for
Minimum and Maximum tooth stiffness at both the tested frequencies. So it can be concluded that contact ratio 2 is
best suited to the model under consideration to obtain highest tooth stiffness. Hence while designing a spur gear a
contact ratio close to 2 is recommended by the authors.
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