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Abstract

Oscillation criteria are established in this paper for the second order non-linear neutral delay
differential equations[w(£} (x(t) + mle)x(t — )] + nlt) flx(t — 57) =0

Where T and & are nonnegative constants, w.,m.n & € ([ty w2}, B), and f € C(R. B).These results are
different from known one in the sense that they are based on the information only on a sequence of

subintervals of [tg. sl
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INTRODUCTION

Consider the second order neutral delay differential equation

[w() (x(8) + m@®) =t — D) + 0 flxle - 6)) =0 o [A]

Where t = ;. Tand & are nonnegative constantsw,

m,n € C([t,. ), R), andf € C(R.R). Let as assume the followingas ... [a]
qt) =0, wit) =0, = {13" r{s]) ds = oo,

F(ﬂ.frx =y=0 forx=0

THEOREM- 1

If (@) n(t) = o, w(t) =0, (lg’w{s]) ds = Dc,f{’dfrx =y =0 wore [a]

Forx = 0.
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Holds and x(t} eventually positive solution of equation (A), then z(t) = 0. z'(t) = o
(w(®)z'(®) = o on interval [Ty,)
For some Ty = t; sufficiently large.

Moreover,

(i). 1f0=m®) = 1 then

(wz'®) + Ol -—mE -8zt -8 <0 .ol [L1]
(ii). if =1 < @ =m(t) = 0then

(wz'®) +ynDzk-5) <0 e weena [1.2]
PROOF:

Without loss of generality assume that x(t} = 0 for allt = T, — T — &.sincen(t) = 0 equation (A)
implies that (w(tlz'(8)) = 0 and (wit)z'(£)) is decreasing.

It follows that
tlimw{t:]z’{t;] =1

Let as prove that
witlz'(t) = 0
And[1.1]and[1.2] holds.

(i) If 0 = m(t) = 1, then prove that witlz'(t) = 0

Otherwise there exist t; = T;Such that z'(t,} = 0.

From (wi)z'(©)) = 0. It follows that
F 1
2® < 2(t,) + wit, )2 () f —as
Ty

Hence by condition (a) we have tlimz{t;] = —oz which contradict that z(t} = 0 for t = t;.

Now observe that from (A) we have
[w®)z'®] + n)(x( —8)) =0. e [1.3]

From the condition

2® 2 ow® > 0,= (1, ) ds =0z y=0

forx = 0.

And by[1.3] we get

witlz' @] + yn(0 [zt —8) —mt —8)xlt - -8 <0
Which in view of the fact that z(t} = =(t) and

If z(t) is increasing we get

(W z'®) +yn®1 - mG -8zt — &) < 0
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(i) If-1 =< & = m(t) = 0 then prove that

tumw{tﬂa’{t;] =1=0

Otherwise 1 = 0 then it we get tlexz{t:] = —oo which clime that z(t} cannot be eventually negative on
[Tp.co)

If that is the case it can consider two mutually exclusive cases.
CASE 1:

x(t) is unbounded then there exist an increasing sequence it} t; — ook — oo
Such that

x(t) = sup;e. x(t) and x(t;) = 0 as t;, — ©
We find thatz(t,) = x(t) + m(te)x(ty — ) = 2(5)(1 + mlg)) = 0

Contradicts the fact that g:'mz'it:] = @

CASE 2:
x(t) is bounded then there exist an sequence {#;} Such that
ﬁ[mx{tk] = lim sup =x(t).

t—=

Since the sequence  {axlt;, — )} and {m(t;)} and bounded, there exist convergent

subsequences. Therefore, without loss of generality, we may suppose that
iimx{tk — 1) and 1Lim plt; )

exist.

Hence,

0= hl:[ﬂ::z(tk] = &lﬂ [x(t,) + mit, Jx(t, — )]

= lim [ty ) + mity ety )]

= limsup x(&) |1 + limm(t,)

t—== k===
=0.
This is also a contradiction.

Thus we must have 1 = 0, which implies that z{ £} must be eventually positive.

i.e.) there exist t. = tg such that z(t) = 0 for all t = t.. Otherwise since tl[mw(t:] z'(t) =1=0,and

wit)z'(t) is nonincreasing, we must have z(£} < 0 for some t = tq.

We therefore have
2(f) < 0.2'(®) = 0, (wit)z'®) < 0

on [Tg.c2) for some T, = t,, sufficiently large.

From condition (a), we havef(x(t — &)) = yx(t — &) = yzlt — &) fort = t. + & sufficiently large. And
we find equation (A) implies the equation for z(t}.
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0 = [wiz' @] + n®f(xG — 8)) = W z'®]' + ynD 2 — 5)

att € [t,, so),

Hence proved.

RESULT:

IJARIIE-1SSN(O)-2395-4396

In theorem 1 if x (£} is an eventually negative solution of (A), then the relevant result hold.

In the sequence we say that a function H = H (t. 57 belongs to function class K, denoted HeK, if

Hel(D.R,=(0,@))andk e C* (D,R,)
Where D = [{t.5): —oo = 5 = t = w0} which satisfies
H(t.t) = 0,H(t.s) = 0, fort = s,

And has partial derivatives

(AH(tE] q
at an g

[BHtEY)
- : on D such that

e} ..
g VL SM(E) } = Ry (85}, (H (L )k(E) ),

:—5 (HC. D) = ~he (.2) | (A, DED),

Where hy. h, € C(D, R
THEOREM- 2
If (a)

@) zow®@ =0 =(Y, ) ds=ol iz y a0

Forx # O.holds and x (¢} be a solution of (A) such that x(t} = 0
[T, — 7 — &, ¢2) for some Ty = t.Forany g e € *([t,, %), R),

Iet (&) =" ()
wit)z'(¢
rit) = —vl(t) {m

Where t € [T, o). Then forany H € K.

(i) 0 =mit) =1andtele.b) c[T,) then

B B

[ B 90, s = ~HG.ARw + }} [ ws - W@ e

' '

(ii) F—1=a =m(t) =0and telcb)cTy o) then
B B

[ Hb9)0: s < —HG. IR@rC0) + }} [ ws - oW as

' &

PROOF
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CASE (i)

Without loss of generality assume that x (£} = 0 for all
tzT,—1—4

Differentiating [2.1] and make use of (A) and by theorem (1. Case: (z). we get that for s € [c, b)

wis)z' " w5 — &
r'(s) = 2g(shr(s) — vis) ]{ z{sj_lﬁ} - &]Z:E_Z ) + [wis — :’i‘:l_g{s:l]'}

wislz'(s)z'(s — &)

= 2g(s)ris) + vis) {'Jr‘?’t'fs] [1—mis —&)]+ — [wis — 5]3{5]]'}

z3(s — &)
From the fact that wis) z'(s) is decreasing, we get
wis)z'(s) = wls —8)z'(s — &)
Fors =T;
From the above we know that
r(S) = 2g()7(s) + v(s) ]:m{s] (1~ m(s— ) + - {51_ ~ (”"fig) ~ [wls = ajgr:sn'}

= 2g(s)r(s) + v(s) [wis — &lgls)]" + vis) [’Jr‘?’l{sj [1-mls—al] + {51 5) (WE;] wis — n’i“:lg{sj) }

1 .
= :pl{s:] -I-m?‘ (s).

It follows that

1

e N 7

¢, (s) = +'(s)

Multiplying [2.2] by H (¢, s}k(s],

And integrating it with respect tosfromctotfort e [c. E:] and using the result of (B1) and (B2), one can get

j H(t )e(s)p, (Dds < [ H, k() (s)ds [ mﬂ(ts}k{s}r (s)ds

' H

E

r
- Hit, =k
- HE R + [ 16 FE DD e - [ 2T 2

c

t

ds & - [u,{s §)v(s) 12 (. )l

'

H(t, s)k(s)

(oG —owt

r
= —HE K@ - | ) =3 WG = D e.)

t

< —HG IkDr() +- f wis — 8)v(s) K2(, $)ds.

G
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Letting t — &~ in the above (i) is proved.

B

[ HG.99, s = Bk +5 [ i - () R as

CASE (ii)

Without loss of generality assume that x (£} = 0 for all
t=zT,—1—-4

Differentiating[2.1] and make use of (A) and by theorem (1}

Case: (i) we get that for s € [c. b)

e (w(s)z'(®))  wis)z'(s)z'(s — &) ‘ﬂ
r'(5) = 2g(s)ris) — 1:{5]] e s — ) + [wis — &) gls)] j
1 wislz'(shwils — 6)="(s — &)
= 2g(s)ris) + vis) {?ﬂ{s:] + o — 72le — 5) — [wis — :’:T]g':s:]]'}
Similar to the proof of theorem (1) we can show the following inequality:
1
t,(s) < »'(s) —m?‘:{ﬂ. oo 12,3]

Multiplying [2.3] by H{t, s}k (s),

And integrating it with respect to s from ¢ to t for ¢ € [c.b),

t

r
J‘H{t, k() (shds = J‘H{t, sk(slr (s)ds —

'

r
1 .
J‘ mﬂ{t, sikls)r? (s)ds

3
= —Hlt.c)klchrlc) + [ ho(t, sl HiE, s)k(s)r(sh ds —

c

[
HG k)
Amp T

= —H{t, cdk{c)ric)
t

-J

'H

t

Ht, s)k(s)

[ = oWt

'H

4

< —HE. () +5 [ wis - 8)o() Kt as,

H

Letting £ — &~ in the above (ii) is proved.
b

[ Hb9)9: s £ B IR@r) +5 [ wls — @R as

'

Hence proved.
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CONCLUSION:

Throughout this work, we discussed some definition and theorems on Interval criteria for oscillation of second
order non-linear neutral delay differential equations and then we discussed for the oscillation of second order
non-linear neutral delay differential equations with non-negative constants on the interval [t;, ). finally we
establish that, when the co-efficient of neutral delay differential equations is zero so that the solution of the
second order non-linear equation is oscillatory
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